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THE CASE OF THE TORUS 

shall now make a study of the integral curves on WE the torus under the hypothesis that  there are no singu- 
lar points whatever. We shall use the coordinates cp and 
w,  where cp is the longitude, or azimuth angle, and w is a 
latitude on a meridian circle, each value of w defining a 
determinate parallel on the surface. With Poincar6, we 
shall agree not to measure the angles cp and w in the ordinary 
way, but with the whole circumference, that  is, 2 n  radians, 
as unit: in other words, to divide the ordinary measure 
by 2 ~ .  Thus the simultaneous knowledge of cp and w de- 
fines a quite determinate point on it. Moreover, this point 
does not change if we increase either cp or w by any integer 
n. However, it is important t o  notice that, when we follow 
continuously any trajectory on the surface, the final values 
of cp and w a t  any point of that  curve will be perfectly de- 
fined if such values are given at  an initial point.1 

Our differential equations will be given in the form 

(a and 0 being given functions of cp and w ,  which are con- 
tinuous, periodic, and never vanish simultaneously). 

'It may also be convenient, sometimes, to  consider w' as equivalent t o  w only 
after several revolutions: for example, to call w ,  w + 3 ,  w f 6 ,  etc., equivalent 
[w'=w (mod 3)]. This amounts t o  considering a sort of Riemann surface on the 
torus, the revolution of a point being complete only when it  has turned three times; 
and the same can be done as to c. 
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To avoid superficial and uninteresting difficulties, we 

shall assume that is constantly positive, so that  cp is 
constantly increasing; and we can even admit that  D is 
always positive and w constantly increasing.' 

Now, starting with a solution curve from p=O, w = w o ,  

let cp increase continuously. Then w varies continuously. 
When cp=1, 2, 3, - 9 . , let w = w l ,  w2, w 3 ,  a . . We shall 
speak of w1 as the first consequent of wo, 02 as the second 
one, and so on. Letting cp decrease, we get likewise the 
antecedents. As we have said, the values of the w's are 
fully determinate when w o  is given, say 

(2) 01 = $ ( w o ) ,  

so that, t o  begin, we can plot them on a straight line. 
If (as assumed) 0>0, then we have 0 0 < w l < w 2  . 

Our fundamental hypothesis is that  two trajectories 
never intersect. It follows from this that :  

1" + ( w )  is a constantly increasing function of w ;  

2 O when the initial point describes once the circum- 
ference of a meridian, its consequent will also describe 
once, and only once, the same circumference, so that  

$(.0+1) = $ ( w o )  +I .  
The first property can be expressed in two other forms, 

both of which will be of special interest for us, namely, 
1" + ( w )  gives a bi-univocal and bi-continuous corre- 

spondence between w o  and w1 and, likewise, there is a bi- 
univocal and bi-continuous correspondence between w 0  

and ai. 

. . 

'That this second hypothesis is no real restriction of generality appears imme- 
diately by considering, instead of (l), the equations 

&=a, dw - = Q + / @  

(that is, changing w into w f l q ) ,  where I is a constant-say an integer-which 
can be chosen so tha t  Q+l@ is always positive. 

dt dt 
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l b  Let us replace w o  by another initial value ijo, and 

let us suppose that  the latter lies, say, between w o  and wl. 

Then, ijl will lie between w1 and wz; and, going on in the 
same way, we see that  the G’s and the w’s will separate each 
other. 

We have to  deal with $(Z)(wo) = + [ $ ( w O ) ] ,  $ (3) (w0)  = 
$ [ + 2 ( w 0 ) ] ,  etc., that  is, with the iteration of the function $, 
The principle l b  just enunciated, shows us that, from the 
qualitative point of view, the result will be, to  a certain 
extent, independent of the value of wo.  

Finally, we shall have to  take account of the fact that  
the successive iterates can be augmented or diminished by 
any integer without changing the geometrical result, so 
tha t  only the fractional parts 0;. or, as we shall say, the 

reduced values” of the successive quantities w j  will finally 
interest us. Thus, the differential equation has disappeared 
from view and the problem is now of an arithmetical 
character.‘ 

But, for the present, let us still consider the exact 
values of the wj ’s  (and not only their reduced values). A 
fundamental result is found by Poincari, namely, that  
there exists a limit 

c c  

(3) 
. k  

p = lim-, 
j ( k )  

j (K)  being the number of consequents of w o  found within K 
revolutions around the meridian circle, and, moreover, 
this limit p does not depend on the value of wo.  

In  an important Memoir,* to  which we shall have to  
return a t  greater length, Birkhoff has given the proof in 

1It may even happen tha t  properly arithmetical researches, such as undertaken 
in recent times chiefly in connection with Riemann’s theory of prime numbers, 
will help in solving the remaining questions in the present study. 

2Acta Math., XLIII (1920). 
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a simple and elegant form. Let wi be the i t h  consequent 
of w and let us consider the difference w i - w .  If w, starting 
from any determinate value wo, increases to  w o + l ,  then 
its i t h  consequent will increase from wi t o  w i + l ,  so that  
the difference in question will come back t o  its original 
value, having therefore a minimum ai and a maximum bi. 
On the other hand, it can never increase by 1, so that  

b .  a ,  1 
2 2 %  

bi  - a i  <1, and 4 - 4 < - .  

Let us now replace the integer i by another integer j ,  
so that  ai, bi are replaced by ai, b j .  The two intervals 

(4) 
(T, ai T) bi and (- aj -) bi 

i’ i 
must have a common part. This results from the considera- 
tion of the difference w i j - w ,  which must lie between j a i  
and jb i ,  and also between iaj and ibj .  

This being the case for any two integers i and j ,  we see 
that  every a i / i  is less than any bi/ j .  As, on the other hand, 
the intervals (4) are infinitesimal when i or j become in- 
finite, we see that, under these conditions, they approach 
a common limit p and this is the required limit, 2 r p  being 
the “rotation number” (according to  BirkhofF‘s terminol- 
ogy). 

We also see what must take place if p is commensurable, 
say p = p / q :  then, if we take i = q ,  we see that  p is con- 
tained between a, and b,. Therefore, in any interval of 
amplitude p there must lie a t  least one and even two w 0 ’ s  

such tha t  w ,  -ao = p :  therefore, two closed trajectories. 
Moreover, p / q  is contained within any one of the inter- 

vals (4). 
Conversely, if there is a closed trajectory, there must 

be an w o  such that  w p - w o = p ,  where p and q denote two 
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integers; we shall have also w n q  - w o  = np for every integer n, 
and, therefore, the limit of (wN -wo)/Ncannot be other than 
p / q .  Thus, the commensurability of p is a necessary and 
sufficient condition for the existence of closed trajectories. 

PoincarC reaches the same results by directly consider- 
ing (3). Let us assume, for instance, that  there is no closed 
trajectory, and let us denote, as above, by j =j(K)  the num- 
ber of consequents of wo contained within K revolutions of 
the meridian circle (starting from w o ) ,  wo itself being in- 
cluded. Under our present hypothesis, w j  must lie beyond 
w o + k  (and not coincide with w o + k ) .  Then, as we know 
that j successive consequents of any point will be separated 
by the points having arguments wl, . . . wj, we see that 
any k consecutive revolutions will contain either j or j - 1 
such points. Moreover, such a sequence of K consecutive 
revolutions (whatever be their origin) will contain either 
j or j - 1 consequents of w o .  Let now 1 be another integer: 
the number of consequents of wo contained within the 
first kl revolutions will be contained between l [ j ( k )  - 11 
and Ij(k). But,  similarly, i t  must be contained between 
k [ j ( l )  -11 and k j (L) ,  so that any two intervals such as 

must have a common part. This again implies the existence 
of the limit l / p  which, moreover, must be contained in 
each interval such as ( 5 ) .  

Assuming now p t o  be incommensurable, so that no 
closed trajectories exist, let us consider the circular order 
of the successive consequents: that  is, we plot the values 
of the successive ai's on the meridian circle-and no longer 
on a straight line-or, what comes to  the same thing, we 
reduce each of them to  its fractional part w'i, or "reduced 
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value" by subtracting E ( w i - w o )  where E(u)  denotes, as 
usual, the greatest integer contained in u. The  successive 
consequent points M i ,  under our present hypothesis t ha t  
p is incommensurable, will be infinite in number. 

Now, under the same hypothesis of p incommensurable, 
this integer E(oi-wo) is in a direct relation with p ;  for 
we know: 

1" that  ( w j - w o ) / j  is included between ai  and b j ;  
2" that  ai  and bi never include any integer (else, by an 

earlier argument, there would be a closed trajectory) ; 
3" that  they include p. 

Then it appears that  E ( w i - w o )  is nothing else than 

We can say more, and assert t ha t  the circular order of 
the ai 's (which we already know to  be independent of a,,) 
is the same as the circular order of th.e numbers p j - E ( p j ) .  
This appears more easily from the first definition (3) of p ,  
First, E ( l / p )  is nothing else than j-1 =j(l) - 1. The  j t h  

consequent will be, then, beyond the initial point M o ,  but 
before M1. Now, if, simultaneously, we consider, on an- 
other circle, the points ml, m2, . . . , the arguments 
of which (still measured with 2 n  radians as unit) are 
p, 2 p ,  . . e , ( j - l ) p ,  a j t h  point mi corresponding t o  the 
argument j p  will lie between mo and ml, t ha t  is, the circular 
order mo, mi, ml will be the same as M o ,  M i ,  M 1 :  whence 
the analogous conclusion immediately ensues (on account 
of the above noted principle of separation l b )  as t o  the 
following points * . . , contained within the second 
revolution. 

Generally, let our conclusion be proved for the first k 
revolutions, the corresponding number j(k) of consequents 
being equal t o  E ( k / p ) .  Then, starting from our initial 
point in the positive sense, we shall successively find points 

E b j ) .  
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Mo, Mi, Mi!, Mtit, . . . , the numbers i, it, i”, . . . , being all 
less than j(k): the circular order of these points is there- 
fore, under our assumptions, the same as that  of mo, mi, 
mi’, . . . a  , t ha t  is, the same as the circular order of 0, 
p i - - E ( p i ) ,  p i ’ - E ( p i ’ ) ,  . Moreover, i, i’, . 0 . , being 
not greater than j(k) -1, our conclusion is valid for the 
circular order of Mj(rc)-l with respect t o  Mi-l,  M<-l, . , 
and, therefore, for M j ( k )  compared to  Mi, Mil, e + ; and, 
on the other hand, it holds also for compared t o  
M o ,  on account of (5). 

Holding for Mi(rc,, it  will, as above, hold for Mi(k,+l ,  . . . , 
throughout the (k + 1)th revolution; then, our last argu- 
ment extends it t o  the (k+2)th one; and so on. 

All this, evidently, suggests that  we consider ai as a 
(constantly increasing) function of pi. This matter is con- 
nected, as we shall see, with the structure of the set P 
of all the consequents and antecedents of a given point. 

If the trajectory from M o  is not closed, these consequents 
and antecedents are infinite in number and, therefore, there 
will be a derived set P’. As is well known, such a derived 
set is closed, t ha t  is, it contains the second derived set P”. 

The  above argument shows us, under the same hypothesis 
that  p is incommensurable, t ha t  any arc between two points 
of P contains other points of the same set and, therefore, 
points of PI. 

But, by another method, also contained in Poincari’s 
Memoir,l we can prove even more, namely, t ha t  if there 
is no closed trajectory, any arc between two cowequents 

‘Poincark applies the argument in the text only under the hypothesis t h a t  N 
belongs t o  P’. See p. 50 of this lecture. But  i t  holds for any N ,  as we show in the 
text, and leads t o  the conclusions 

1” tha t  P‘ does not depend on the choice of d40; 
2” tha t  P’ is the same, whether deduced from the consequents of Mo or from 

its antecedents. 
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M i ,  M i + j  of M must include consequents or antecedents (and 
even an infinite number of consequents or antecedents) of 
any point N .  For, let us admit that  this arc MiMi+i would 
include only m of the consequents of N :  then the arc 
M i + i  would contain only m ’ 1 m  of them (the j t h  

antecedents of which would belong to the former); the same 
for Mi+zj Mi+3j, and so on. If a finite number of these 
successive arcs (which are all directed in the positive or 
all in the negative sense) covered the whole circle, N would 
have no consequent a t  all (which is absurd) or a t  most a 
finite number of them (so that  the trajectory from N 
would be closed). But if they do not cover the whole 
circle, the successive points Mi+i,  Mi+2i ,  . , must tend to  
a determinate point y, which, being together the limit of 
these points M and of their i t h  consequents, must coincide 
with its own j t h  consequent (on account of the fact that  the 
function # l ” ( w )  is continuous) so that such a hypothesis 
implies the existence of a closed trajectory. 

More precisely, we see that i t  implies the existence of 
a limiting cycle, such as we met with in the case of the sphere. 
Treating in the same way the antecedents instead of the 
consequents, we should find also a limiting cycle (perhaps 
coinciding with the former) for negative t’s. 

The  above argument applies to the case where N co- 
incides with M and gives, therefore, our former conclusion. 
But, in the contrary case, it  immediately carries another 
one which is of evident importance, namely: 

If there is no closed trajectory, the derived set P’ is  in- 
dependent of the choice of the initial point il4. 

Moreover, the argument shows that any arc between 
two consequents or antecedents of M necessarily includes 
(if there is no closed trajectory) an infinite number of 
antecedents of AI; and this settles an obvious question. 
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Evidently, the set P consists of two parts-the antecedents 
of M and the consequents-giving place each to  a derived 
set. We see that  these two derived sets coincide. 

I do not intend to make any further study of the case of 
a limiting cycle or a closed trajectory;' and, therefore, I 
shall exclude it, as a rule, in what follows. 

Now, let M be any point of P-for instance, M o  itself. 
If M belongs to P', so do all its consequents (this again 
following from the fast that  the solution is a continuous 
function of the initial conditions). Conversely, if M does 
not belong to  PI, then no point of P belongs to  P'. We 
have, then, only two possible hypotheses: 1" that every 
point of P belongs to PI; and 2", that  no point of P belongs 
to  PI. 

If we refer to what has already been said (see p. 23) con- 
cerning stability, we see that the present distinction is 
equivalent t o  the distinction between stability and in- 
stability in the above sense-that is, Poisson's sense- 
1" corresponding to  stability and 2"  to instability. The 
latter hypothesis is evidently verified in the case which 
we have j u s t  studied, when there is a limiting cycle. 

I j ( 2 )  takes place fo r  every trajectory, there is a limiting cycle. 
For let A4, be a first point, the consequents of which 

give a set P ;  N ,  a point of PI;  Q, the set of the consequents 
and antecedents of N .  If Q' coincided with P', (1) would 
be verified for the initial point N ,  which is contrary to  the 
hypothesis. But, if Q' is distinct from P', we know that  
we must have a limiting cycle. 

'The two cases are not distinct: if any trajectory is closed, every other trajectory 
must either be also closed or tend to  a limiting cycle, this being seen in the same 
way as in the theory of centers (see p. 10; the argument is clearer if we suppose 
tha t  the closure takes place after one revolution for rp and one revolution for w ,  
tha t  is, j =  k = 1, but  any other case can be reduced to  that  one, as has been remarked 
in footnote (1) on p. 42). 
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More precisely, we see that  (1) is verified (in the absence 

of limiting cycles) for every initial point which belongs to  
the derived set of the consequents of another point in- 
cluded in PI. It is easily seen that  P’ is a perfect set.’ 
We proceed to  investigate the different kinds of perfect 
sets that  may arise. There is first the possibility that PI 
contains an arc A B  of the circle. We shall consider two 
cases here: (a) P’ includes the whole circle; and (b) P’ 
includes an arc AB,  but not the whole circle. 

We consider (b) first, and suppose A B  cannot be enlarged 
without enclosing points not belonging to  P’; that  is, we 
will not consider a smaller arc when a larger one containing 
it may be chosen. Consider the consequent arc AIBl .  
If AIBr  is enclosed in AB, then A2B2, the next consequent, 
is enclosed in AIB1, and so on. The limit A’ of the points 
A, A’, Az, . . ., gives us a closed trajectory; so this case 
must be rejected. 

If the arc AIBl  contains points of A B  and also points 
outside A B  then A B  is included in a larger arc, which we 
supposed was not the case. Thus if the points appear in 
the order AAIBB1, the larger arc AB1 is contained in P’. 
So we put this case aside. 

There remain the case that A1B1 is outside AB. Then 
all consequents of A B  are exterior t o  one another. It fol- 
lows tha t  all consequents of a point of P lying in A B  are 
outside A B ;  hence no interior point of A B  is a point of P‘. 
This is contrary to  hypothesis. 

In  all cases, then, we have proved that  (b) is impossible. 
Hence if P’ contains any arc, it contains the whole circle. 
Further if (a) holds for the set of consequents of a point 

‘We already know that P‘ is closed. On the other hand, if P is included in P‘, 
any point of P’ is near an infinity of points of P, which are points of P’; and, 
therefore, it belongs t o  P”. 
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M ,  it holds for the consequents of any other point N of the 
circle (if limiting cycles are excluded), as has been shown 
above. 

If we are in this case, we can give a precise answer to  
one of the questions set in the above. W e  have seen that, 
starting from the initial point AZO the argument of which 
is wo, the various consequents of M o  or, what comes to  the 
same thing, the reduced values 

( 6 )  O’i = w i  -E(w;  - w o )  = w i  -E(p i )  
occur in the same order as the corresponding values of 

(7 )  hi = pi - E&) 
the subtracted term being the same in both formulae. 
Now, let w’ be any given argument between 0 and 1. If 
it coincides with an w:, we shall associate with it the cor- 
responding value of (7) .  If not, let us notice that there 
will be an infinity of w: less than w’ and an infinity of w :  

greater than w’, every w: of the second class being therefore 
greater than any w’i of the first. The same inequalities 
holding, as we have seen, between the corresponding values 
of ( 7 ) ,  these (which, as is well known, are everywhere 
dense between 0 and 1) will be divided into two classes 
such that  a Dedekind cut is obtained: by this cut a number 
h=h(o’) is defined. 

The function h(w) is defined over the interval ( O , l ) ,  and 
continuous along this interval (for we can choose two values 
h i  and hi of ( 7 )  including h and as near as we like to  h ;  
and, then, the function considered will be contained be- 
tween hi and hi for every w contained between w’i and w:) .  

It is never decreasing, in fact, under our present assump- 
tion that P is everywhere dense over the circle, it is con- 
stantly increasing. Since we can find values of (7) less than 
1 and arbitrarily near 1, it tends to  1 wThen w tends to  
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oO+1, so that,  if we now extend its definition to every real 
value of w by subjecting it t o  the identity 

(8) h(u + 1) = h(w) + 1, 

its continuity will be maintained throughout ( - 00, + 00). On 
account of (8), the difference e(w) = h ( w )  - -w will be periodic 
in w (so tha t  it admits of a continuous Fourier expansion). 

h ( w J  =pi, 

As (6 ) ,  (7 )  and (8) give us 

we have, for every wi, and, therefore (by continuity), for 
every w, 

(9) #(a) +W4l =o+e(o> + P a  

By this equation-which, under our present hypotheses, 
can be solved for +(w)-the construction of the function 
e(w) would allow us to  solve every question relating t o  
the law of consequence. 

Such are the results when the perfect set P is everywhere 
dense. But we know (and, as we have said, Poincar; was 
the first t o  discover, though the fact was stated explicitly 
only by Cantor) that  there are other perfect sets, which 
are nowhere dense. The question arises whether this might 
be the case for our set P’, the derivative of the set P of 
consequents of Mo. 

It is known tha t  any perfect discontinuous set is obtained 
by the removal of the interior points of an infinite number 
of intervals (cccontiguous intervals”), (everywhere dense on 
the circle) the extremities of which, however, belong to  the 
set: the latter is constituted by these extremities and their 
limiting points. Thus, under our third hypothesis, the 
circle will contain three kinds of points: 

1” Interior points of the contiguous arcs: these do not 
belong t o  P’; 
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2 " Extremities of contiguous arcs; 
3" Limiting points of points 2". 
It is clear that  the consequent of any contiguous arc is 

again a contiguous arc. We have seen that  the set P' is 
the same for any choice of the initial point Mo. But ac- 
cording to  that choice, three kinds of trajectories are pos- 
sible, two of which are such that  the corresponding P is 
included in P', while under the third one-that is, when 
the initial point is taken within a contiguous arc-P has 
no common point with P'. Such a distinction could not 
occur in the two preceding cases in which P was entirely 
exterior t o  P', whatever Ado might be, or entirely included 
in P', whatever M o  might be: so that  the question of its 
possibility is the same as the question whether the perfect 
set P' can be discontinuous. 

These two questions, equivalent t o  each other, were not 
solved by PoincarC. He did not prove the impossibility 
of P' being perfect and discontinuous, though he pointed 
out some circumstances in which this impossibility would 
be certain. 

This fundamental problem has been recently solved- 
and thus Poincarc's theory brought to completion-in a 
quite simple and elegant manner, by a note of Denjoy in 
the Comptes Rendus de l'dcade'mie des Sciences.' The third 
hypothesis, viz., that  P' is perfect and discontinuous, is 
certainly excluded if a certain integral (which expresses 
the relative change in the distance between two neighbor- 
ing trajectories when cp increases by 2,) considered as a 
function of the initial position M ,  is of bounded variation; 
and this is always the case when the coefficients of the 
equation are holomorphic-or even when they admit a 
sufficient number of derivatives. 

5'01. CXCIV, 830, March 7, 1932. 




