
THE LATER SCIENTIFIC WORK OF 
HENRI POINCARE' 

I 

INTRODUCTION 

as I am t o  find myself again amongst you, and 

and continuously increasing importance of which I follow 
with so much interest and pleasure, I am especially so to 
resume the subject t o  which our first colloquium of 1920 
was devoted. Indeed, I have the feeling, a particularly 
agreeable one to  me, that  I am continuing today the last 
lecture which I delivered t o  you, on the occasion of my 
earlier visit in 1920. I must add that  this idea was suggested 
to  me by your President, t o  whom I am most grateful for 
his friendly insistence on it. 

Moreover, no other subject could better deserve our keen 
and everlasting attention. There is hardly any limit t o  the 
interest we can take in reviewing and commenting on Poin- 
cari's work and t o  the fruitful points of view we can find in 
it. Poincark's work has not ceased t o  be the center of almost 
all our contemporary mathematical labor and perhaps cen- 
turies will pass before its full significance will be realized. 

HAPPY in the midst of the Rice Institute, the improvements 

'Lectures delivered at the Rice Institute in May, 1925, by Professor J. Hada- 
mard, of the College de France and the kcole Polytechnique, in continuation of 
a series of lectures on the Early Scientific Work of Henri Poincari, delivered at 
the Rice Institute in March, 1920, by Professor Hadarnard, and published in the 
Rice Institute Pamphlet, Vol. IX, No. 3, July, 1922. 
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2 Later Work of Poincark 
A first part of that  work, corresponding t o  those extraor- 

dinary first four or five years, the wonderful results ot 
which have been the amazement of the scientific world, was 
examined before you in 1920. 

To recall in a few words what we said in 1920, let me re- 
mind you that, as soon as we leave the well known elemen- 
tary types, the treatment of differential equations can be, 
and has to  be, pursued in several different directions. We 
can inquire whether the solution happens to admit of an 
expression by known functions, or t ry  to  express it by other 
classes of functions, by series or by other means taken from 
the classic methods of Calculus. Then, we can improve 
the local study, which is the fundamental discovery of 
Newton and Cauchy; and, since Cauchy, we can consider 
the required function, if analytic, from the point of view of 
the general theory of analytic functions. 

We saw, in 1920, what Poincari did in all these directions 
and how many corresponding important later works have 
been derived from his inspiration. However, I shall begin 
by reverting to  two points of my previous exposf. In  the 
first place, concerning integration by algebraic functions, 
I think it useful t o  mention the researches of Drach. This 
geometer, one of the most penetrating scientific minds of 
our time, has undertaken to  find the algebraic solutions of 
a given algebraic differential equation of the first order and 
first degree 

or, what amounts to the same, of the partial differential 
equation 

aF aF 
a x  a y  x- + Y- = 0, 
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where X,Y are given polynomials in x and y;  but he remarks 
that  a powerful help is given to  such an investigation by 
a fact already used by Darboux, viz., that, if (E) is verified 
by the algebraic curve f ( x , y )  =0, the function f, if irreducible, 
(which can always be assumed), must verify an identity 
of the form 

where M is again a polynomial. The investigation of the 
latter polynomial, the degree of which is limited a priori  
(being less by one than the higher of the degrees of X and 
Y ) ,  is perhaps the easiest way to  attack the problem, and 
enables Drach to  improve considerably the results obtained 
by PoincarC in that  line. 

M y  second observation will concern Poincari’s paper in 
the Bulletin Astronomique, Vol. I, 319, devoted t o  the most 
general trigonometric series of the form 

(2) 2(An cos ant + B ,  sin ant) .  
n 

We have previously mentioned, among the numerous and 
important researches inspired by PoincarC’s work, the in- 
vestigations of Bohl and Esclangon on quasi-periodic func- 
tions, which are derived from the memoir just quoted. I 
wish t o  say something more on this subject, on account 
of the fact that  it has undergone an unexpected and remark- 
able development in recent times. 

Bohl and Esclangon, starting from astronomical points of 
view such as those suggested by the memoir of Poincari, 
are led t o  inquire what becomes of a function F of p vari- 
ables 

7.41, Ua, . . . , f l p ,  
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periodic in each of them, with periods wl, w2, 3 ., w p ,  if we 
take the u’s all equal t o  the same variable quantity t .  If 
p = 1, it is clear that  we get again a periodic function of t ,  

the period of which is wl. Moreover, a similar result would 
appear for p =2 if the two periods were commensurable. 
I n  the general case, the first question is whether wl, e ,  w p  
are “linearly dependent” or not, i.e., whether a linear homo- 
geneous relation of the form 

(1) 
1 2 + . . . + LE = 0, 

0 1  U P  

with integral coefficients 11, . . ., I, (not all zero) can take 
place or not. I n  the first case, we are easily led to  a similar 
problem with a smaller value of p ;  in the second, a remark- 
able importance attaches to a theorem of Kronecker,l ac- 
cording to which (under the hypothesis of linear independ- 
ence) the inequalities 

admit of common solutions in integers A, p, whatever 
kl, e , k, may be and however small we take the right- 
hand members. It results therefrom that  the function F,  
by varying the single quantity t ,  practically assumes the 
same systems of values as if there were as many independent 
variables; and, in the second place, that  such a function 
will admit of an infinity of approximate periods (whence 
its name). The  properties of such functions, when submitted 
to  quadratures or when appearing as coefficients in differen- 
tial equations, are essential t o  Celestial Mechanics and have 
been profoundly investigated in the first place by the two 
above-named authors, but in more recent times and from 

’A simple and elegant proof by Lettenmeyer has appeared in the Proc. London 
Math. Soc., XXI (1923), 306. 
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a more general point of view, by quite another group of 
geometers. 

This is, indeed, one of the most remarkable instances of 
the profound and rather mysterious unity of science. While 
quasi-periodic functions were introduced, as we have just 
seen, by the necessities of Analytical and Celestial Mechan- 
ics, “almost periodic” functions, their close allies and natural 
generalization, were suggested, with the same degree of ne- 
cessity, by the needs of Higher Arithmetic. I refer t o  the 
theory of Prime Numbers, as we regard it since Dirichlet 
and Riemann, viz., in connection with the properties of 
Dirichlet’s series. I n  the hands of Harald Bohr and his 
disciples, these almost periodic functions have considerably 
improved our knowledge of Riemann’s and allied trans- 
cendentals. 

An almost periodic functionf(t) is, at  least formally, repre- 
sented, and in every case, defined by a Fourier-like expansion 

(2) 2Aneia”t, 

where the exponents an are not subjected (as in ordinary 
Fourier’s series) t o  being multiples of one and the same 
quantity, nor-as in quasi-periodic functions-to be de- 

rived from a finite basis (?, - - .,”), Le., t o  be linear 
U P  

2 n 2a 
combinations of -, * . , -, with integral coefficients. The  

U1 UP 

first fundamental result of this theory has been to  prove 
that  such functions f are again fully characterized by the 
existence of an infinite number of “approximate periods” 
or “translation numbers” T connected with the approxima- 
tion c in such a way that  we have for every t 

(3) 
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with the supplementary condition that, for any given E ,  

there exists a length T such that every t-interval of magni- 
tude T contains such an approximate period satisfying the 
above inequality for every t .  This set of conditions (the 
latter of which is essential) is sufficient in order that  we have 
an almost periodic function in the above meaning; the proof 
of this is, however, notably more difficult than in the quasi- 
periodic case, where the approximate periods were known 
in advance on account of their connection with the given 
basis. Bohr’s proof rests on a profound generalization of 
Parseval’s known theorem concerning the integral of the 
square of a trigonometric series, which generalization af- 
fords the sum of certain infinite numbers of positive terms: 
it is not even known in advance whether this infinity is a 
numerable one, but this precisely results from the fact that  
the sum is finite, and the different terms correspond t o  
those of the series (2). 

Seeing the importance, in recent years, of this theory 
of Bohr and of its arithmetical applications, one might 
believe that, with its introduction, we had deserted the 
domain of Dynamics for the domain of the Theory of 
Numbers. But this would be to doubt, quite unjustly, the 
unity of science; in fact, the connection of Bohr’s theory 
with Analytical Mechanics and with the development of 
Poincark’s ideas in that field, has now been made quite 
evident; so that, in this way, Arithmetic and Dynamics 
are becoming most closely united. 

We said in 1920 that besides such points of view as we 
have just recalled, i.e., expressions of solutions by known 
classes of functions, Poincari had adopted quite different 
ones, hardly thought of before him, consisting of the sepa- 
rate and individual study of the real domain, a study in 
which the coefficients of the differential equation are not 
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even assumed always t o  be analytic, and, as we noticed, 
an exceptionally difficult one on account of the fact t ha t  
we are deprived of the powerful help afforded by the theory 
of analytic functions. Let us recall also’ that  the profound 
and intimate principle of his methods may be considered 
as being inspired by the example of modern Algebra, and 
consists in introducing simultaneously and comparing with 
each other several solutions of the equation, instead of con- 
sidering one of them individually. We shall see that  the 
same observation will hold in what we are going to say 
this time. 

It must be noticed tha t  this new view of the question 
requires a completion of the classic existence theorem for 
differential equations, the mode of dependence of the solu- 
tion, not only with respect t o  the main variable, but also 
with respect t o  the initial data, requiring investigation. This 
has been done, of course, by Poincark, in his Mithodes 
nouvelles de la Micanique Cileste, a t  least for the analytic 
case, the dependence being itself an analytic one; the gen- 
eral case gives an analogous result, as can be easily shown.2 

The  first and second parts of the Mimoire sur les courbes 
dijinies pa7 les iquations dijirentialles3 have been considered 
by us as belonging to  Poincark’s earlier work and analyzed 
in 1920. The third and fourth ones4 will be considered 

’See my previous Lectures of 1920, p. 155. 
T h e  method of considering the solution of a differential equation as a function 

not only of the independent variable, but  also of the initial conditions, is now be- 
coming quite common in contemporary science, since Poincari: thought of it. For 
instance, researches derived indirectly, but certainly, from the inspiration of 
Poincare are those of K. Popoff, who has tried t o  expand the solution of the bal- 
listic problem not in terms of the time, but  in terms of the  angular variable which 
gives the  initial direction, and has dealt similarly with the equations of Celestial 
Mechanics. 

*See, for instance, my C o w s  d’Analyse, vol. 11, No. 243bis, 315. 
8Jour. de Math., ser. 3, 7 (1881), 375422;  ser. 3, 8 (1882), 251-296. 
‘Ibid. ,  ser. 4 ,  1 (1885), 167-244; ser. 4, 2 (1886), 151-217. 
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now. It may seem odd that  in separating his earlier from 
his later work, we make the division between two parts 
of the same Memoir or series of Memoirs. The reason, 
which will appear, I hope, altogether clear t o  you, is that, 
in the latter parts, Poincar; uses quite new means of action, 
methods which were not employed in the earlier parts, 
and which constitute quite a new moment in mathematical 
science. 




