
I 
AGGREGATES OF ZERO MEASURE' 

I 
E say that  a linear aggregate E is of measure zero if, W when we are given a number e arbitrarily small, we 

can inclose all the points of E within intervals whose sum is 
less than e. For a n  aggregate of two dimensions we have a 
similar definition, replacing the intervals by the rectangles. 
Moreover, we see t h a t  we may speak of squares instead of 
rectangles, because if we are given a rectangle we can find 
a finite number of squares of which the total area differs 
as little as we please from the area of the rectangle, and 
such t h a t  every point within the rectangle is also within one 
of these squares. We could also replace squares by circles 
without altering the  generality of the definition. 

Aggregates of measure zero play a very important par t  in 
the theory of functions of a real and of a complex variable. 
It is therefore useful to be able to compare the different 
aggregates of measure zero among themselves. This com- 
parison is aided by the concept of regular aggregates. I n  
the first place, then, we shall define regular aggregates and 
the fundamental points of these aggregates, and we shall 
show t h a t  every regular aggregate is equivalent to another 
regular aggregate of which the fundamental points are 
chosen in a special manner, for example, as the points with 
rational coordinates. Finally, we shall consider the classifi- 
cation of aggregates of measure zero, with given funda- 
mental points. This classification will be based on the  
asymptotic decrease of the intervals (or squares) of exclusion. 

Translated from the French by Professor Griffith Conrad Evans, of the Rice 
Institute. 
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2 Aggregates of Zero Measure 
An aggregate of measure zero is said to be regular when 

i t  can be defined in the following manner: 
Let A,, A,, m e - ,  A,, be a denumerable inf ini ty  of points,  

said to be fundamen ta l  points.  T o  each integral number h let 
us m a k t  correspond a n  infinity of squares C:", Cq), --., CAh), a . ' ,  

of which the areas form a Convergent series, such that the 
square CAh) incloses in its  interior CLh+l) and approacher A, 
when h increases indefinitely. Let Eh be the aggregate of 
points i m i d e  of the squares C;")(n= I ,  2, ..-). T h e  aggregate 
of points contained in all the E, i s  a regular aggregate (which 
is evidently of zero measure). 

Every aggregate of zero measure can be considered as 
par t  of a regular aggregate. In  other words, if A is any 
aggregate of measure zero, we can define a regular aggregate 
E of zero measure, such tha t  every point of A belongs to  E. 
To prove this proposition let us imagine a sequence of num- 
bers E , ,  E, ,  . e . ,  G, decreasing and tending to zero, the series 
&* being supposed convergent. Since the aggregate A is 
of measure zero, we can define an  aggregate A'h) of squares 
(with sides parallel to the axes) the sum of whose area is less 
than E, ,  and such tha t  every point of A is inside one of 
these squares A'"'. We define first the squares A('), then the 
squares A") ; if there are portions of these squares A") which 
are outside all the squares A'", we can suppress them as 
useless. In  order t o  proceed in a perfectly definite manner, 
we consider the first of the squares P, say Ai'), and oper- 
ate successively on the  portions of the successive squares 
A'" which are inside A?); we continue in the same way 
with Ah'), being careful each time to  omit the portions 
already considered, etc. These operations lead us to con- 
sider rectangles, each of which may be replaced by an 
enumerable infinity of squares (in particular cases a finite 
number). It is sufficient, in order to form the squares ac- 
cording to a definite law, t o  construct successively the 
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greatest possible square inside the rectangle, taking as the 
vertex nearest the origin of coordinates tha t  vertex of the 
rectangle which is nearest the  origin of coordinates. If 
among the squares so defined there are some which contain 
no point of the aggregate A we suppress them. We may 
assume the  squares to be arranged in the order of de- 
creasing size (if two of them happen to be equal in size we 
shall arrange them according to the relative values of the 
abscissas of their centers ; and if these abscissas are equal, 
according to the  value of their ordinates). I n  the  same way 
we arrange the squares (after the required transforma- 
tions), and so on. 

We define an aggregate B of squares which will con- 
sist of all the  squares A‘”, and besides a certain number of 
the squares A@), A@), . * a .  I n  the same way B‘2’ will include all 
the squares and, besides, a certain number of the squares 
A‘3), .... It is clear t h a t  the sum of the squares B(*) is less 
than E, + E,,, 4- ..* is finite no matter what h may be and ap- 
proaches zero when h increases indefinitely. Since all the  
squares A(h) will be par t  of the  B‘h), every point of A is in- 
side of one of the squares B“). I n  order t h a t  the aggregate 
E defined by the B”) may be regular we must be able to 
number the Bth), Bib', B:’), a * * ,  Bib', a * . ,  in such a way that  
B;+’) shall be less than Br), 

Consider 
first the squares A(’),  if there are any, whose area is greater 
than c2 (we know t h a t  there are none whose area is greater 
than e,, since the sum of all the A“) is less than el). We 
designate these squares as BY), B!j*), - - e ,  B:). Let  us con- 
sider next those remaining squares A‘” of which the area is 
greater than e3, and let us denote them by B,,,, B%+2, * * a ,  B:,), 
Let us take now the squares whose area is greater than 
ea;  they are arranged in a definite order, as we have said. 
If the first of them is inside one of the A“’ already numbered, 

We achieve this result in the following manner. 
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for example inside BF), we shall denote it by BPI, otherwise 
we shall denote i t  a t  the same time by BLil and by Bgil. In  
the same way, if the second of the M2' tha t  we take is inside 
one of the A"' already numbered, different from I?;'), say By), 
we shall denote it by Bi2'. If it is not inside any of the  A") 
(it cannot be inside an A'" without a number, since its area 
is greater than c3 and the A"' without numbers have areas 
less than e,), or  if it is inside the particular BP) which has 
already been utilized, we shall denote it a t  the same time by 
Bfii2 and by Bgi2. In  this way we manage to  define a cer- 
tain number of new squares B"' which we will call BEL1, 
Bx;,, e . - ,  and a certain number of squares B'" which in- 
clude all the A'2' of area greater than €3. 

Let us consider now the squares A") of area greater than 
e*, and let us denote them by BAiil, BAii2, e a - ,  BE); we can 
proceed in the same way as before for the A'2' whose areas 
are greater than e4, and we can then pass on to  the A'3' whose 
areas are greater than E .  Those among them which are in- 
side of the B'2' already numbered will have the same num- 
bers (each number being given of course but one time). T h e  
others will be denoted a t  the same time by Bt ) ,  Bi3). 
We can continue indefinitely in the same way, the et ap- 
proaching zero when K increases indefinitely and each opera- 
tion involving only a finite number of squares. I n  this way 
every square belonging to A@' will appear in B'" in a deter- 
minate position. Moreover, it is obvious tha t  BP' ap- 
proaches zero no matter what q may be when h increases 
indefinitely. It is impossible tha t  certain series Br), Br) ,  
e.., Br' should terminate, because tha t  would mean t h a t  no 
one of the squares A""') is inside Br); tha t  is to say, that  Br) 
would inclose no point of the aggregate A,  which is contrary 
to  our hypothesis. T h e  aggregates of squares B'" define, 
then, a regular aggregate which includes all the points of A, 
and our theorem is proved. 
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We notice t h a t  in the definition of the regular aggregate 

E there are certain series Br),  Br’, s o - ,  of which a certain 
number of the first terms denote squares tha t  coincide among 
themselves. That ,  in fact, is no difficulty. We can, how- 
ever, avoid this circumstance by slightly modifying the defi- 
nitions of the first B, of such a series ; if, for instance, Br), 
Bi2), Bf’ coincide, we can replace Br’ by (I + e  )BP’, and BF) 
by (I  + EJ(I + E ) B f )  (we designate by aC a square similarly 
placed to C, with the ratio a of similarity). These opera- 
tions multiply the total extent of the squares B”) by a factor 
less than the convergent infinite product H(I +ek). 

We notice tha t  the regular aggregate E which we have 
defined is not necessarily the most simple of the regular 
aggregates of measure zero which include the A, bu t  i t  is 
not important tha t  our demonstration should give us the 
most simple. T h e  essential thing is to  show t h a t  there 
exists one; i t  is then possible to  consider without contradic- 
tion the collection of all the regular aggregates of measure 
zero which contain A, and we can choose from this collection 
if not the simplest (which may not exist, in the same way 
tha t  the smallest number greater than 4 2  does not exist), 
a t  least an aggregate E whose simplicity is as close as we 
please to  the greatest possible. 

From now on we shall consider especially the regular 
aggregates. Such an aggregate is defined by the funda- 
mental points A,, which are limits of the B:’) when h in- 
creases indefinitely, and by the magnitudes of the excluding 
squares Bib) corresponding to An.l T h e  derived aggregate 
of the fundamental points is a closed set A‘. I n  the general 
case this set is composed of a perfect aggregate and a reduc- 
ible aggregate. T h e  excluding intervals which correspond 

1 It  might seem desirable to consider also the relative positions of the A. in these 
s uares; but by modifying slightly the definitions we can so arrange that every 
B:) 9 has A. for its center. 
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to the points of the reducible aggregate have only in common 
the points of this reducible aggregate itself. Their study 
therefore gives us nothing new. T h e  really interesting par t  
of a regular aggregate of zero measure is tha t  which is 
attached to those points of A’ which form a perfect aggre- 
gate. We shall have to  distinguish cases according to  the 
nature of this perfect aggregate. We shall limit ourselves, 
however, to the consideration of the case where the aggregate 
A’ contains all the points of a certain area of simple form. 
T h e  points A ,  will then be dense within this area.l All the 
cases where the area is of a single piece and simply connected 
may be reduced by  conformal representation to  the case 
of the area bounded by a circle. We shall show tha t  if we 
have two different systems of points A,, and B,,, dense within 
the interior of equal circles and also dense on their circum- 
ferences,Z we can establish between these points a reciprocal 
continuous one-to-one correspondence in such A way tha t  the 
ratio between the distance of any two points A,, A, and the 
distance of the corresponding points B,, B, will be included 
between two limits as close to unity as we please. It will 
follow from this theorem that  we shall be able without loss 
of generality to suppose that  the fundamental points of an 
aggregate of zero measure, when these points are dense 
within a certain region, coincide with a given dense aggregate 
in tha t  region - for instance, with the points of rational 
coordinates. 

1 We shall thus leave aside those aggregates of zero measure which we obtain by 
assuming that  A is a perfect linear aggregate which without being linear yet contains 
no area. For example, we could exclude certain fixed areas around the points with 
rational cGrdinates and take for the A, the  points with algebraic coordinates 
which did not belong to the excluded areas. We could also build up in some arrange- 
ment several similar constructions, or even a denumerable infinity of such construc- 
tions superposed, and thus obtain regions which would be quite complicated from 
the point of view of Analysis Situs. 

The case when neither aggregate has points on the circumference can be treated 
in the same way. 
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I1 

THE theorem which we have in view can be expressed as 
follows : Given two equal circles C and C’, and two enumerable 
aggregates A and B, of which the first is  dense in C and on the 
circumference C, and the second i s  dense in C’ and on the cir- 
cumference C’, and given a n  arbitrarily small number E ,  then 
we can number the points of A and B in such a way that to a 
point on the contour we make correspond a point on the contour, 
and that we have, whatever p and q may  be, 

We shall say that in this case the two aggregates are similar 
by  e. 

In  order to prove this theorem we shall assume that the 
points of the two aggregates are arranged provisionally in a 
determinate order, and we shall consider successively the 
first point of A, then the first point of B, then the second 
point of A, then the second point of B, and so on. Thus we 
shall not miss any point belonging to either of the two 
aggregates. T o  each new point that  we consider in one 
aggregate, we shall make correspond a determinate point 
in the other; and when the turn of this new point comes 
we shall omit it. 

We shall suppose that the centers of the circles C and C’ 
do not belong to the aggregates A and B (nothing would be 
changed if both of them should belong, for we could make 
them correspond ; and if one of them belonged, but the other 
not, we could make a conformal transformation, differing 
little from the identical transformation, which would trans- 
form the second circle into an equal circle whose center 
could then be made to correspond to the center of the first 
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circle). I n  this way we can investigate the two circles by 
considering them superposed and yet distinct. I t  is possible 
now to choose two rectangular axes Ox and Oy in such a way 
tha t  the diameters parallel to the axes contain no points of 
A or B, and every line parallel to either of the axes contains 
a t  most one point of A and one point of B (because the to- 
tality of directions of lines which connect the center with 
points of A or with points of B, or connect the points of A 
among themselves, or the points of B among themselves, 
or which are perpendicular to  these directions, form an 
enumerable aggregate). Let us assume an infinite series 
of positive numbers €1, € 2 ,  . e + ,  E,, such that  

I - € < r I ( I  -e,,) , rI(1 +E,) < I $ E .  

T h e  circle C is divided by the diameters parallel to the 
axes in four equal regions which provisionally we shall call 
I ,  2, 3, 4; and the circle C’ is divided in homologous regions 
which we shall designate in the same manner. 

Consider first A1, which may be, for instance, in the region 
3 : since i t  cannot be on the diameters, i t  must be inride 
this region, unless i t  be on the circumference (a case which 
we are for the moment excluding). Let us now designate 
by A: the point of the region 3 of C’ which coincides with A1 
when C’ is moved upon C by a translation. If A: happens 
to belong to B, which is not the general case, we shall call 
it B1. Otherwise we shall define a square with center a t  AI, 
such tha t  the ratio of the greatest to the least of the shortest 
possible distances of all the points in the square to  points 
on the boundary of the region 3 shall be less than I + e l .  

This shortest distance is parallel to  the axes for the recti- 
linear portions of the boundary and coincides with the radius 
for the curvilinear portion, and, from our hypothesis in regard 
to  A I ,  is not zero. So the construction of the square is always 
possible. We now choose B1 arbitrarily from the points of 
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B inside this square (if we wish to avoid having to  make an 
arbitrary choice from among a denumerable infinity of 
points, we can take the point of B whose number is smallest 
in the provisional classification). Having chosen this 
point B1 we construct parallels to the axes passing through 
A I  and B1, each set of which, with the diameters already 
drawn, will divide its circle into regions (nine in each) which 
will correspond two by two. Some of these regions will be 
rectangles (in this case only one), while the others will be 
quadrilaterals or triangles of which certain sides are parallels 
to  the axes and one side is an arc of the circle. If we agree 
to consider as the dimensions of such regions the dimensions 
of the rectilinear sides, i t  follows from the construction that  
the ratio between homologous dimensions of two correspond- 
ing regions is included between I $- E and I - E . ~  I n  the 
case which we have momentarily excepted, where A1 is on 
the circumference, we can take B1, also on the circumference, 
in such a way that  the same condition shall be verified with 
respect to the regions, a construction which is always pos- 
sible. 

Let us turn now to the second point B2,  taken fromthe 
second aggregate. We make correspond to i t  a point A2 
situated in the homologous region, chosen in such a way 
that  the new regions obtained by drawing parallels to  the 
axes through A2 and B2 have homologous sides whose dimen- 
sions are included between ( I  + e l ) ( l  + E ? )  and ( I  - e l )  
( I  - € 2 ) .  This condition necessitates assigning to A2 a 
certain area inside this region, and A2 is chosen inside this 
region either arbitrarily, or according to  some definite law, 
as has been explained for B1, care being taken to  have Az 
on the circumference C, if B2 is on the circumference C’. 

We have, in fact, > I - €1, and, according to our construction, the ratios 
I + €1 

of homologous sides are included between I + el and 
I S 5 1  
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We continue in the same way, taking alternately a point in 
A and a point in B, making i t  correspond to some point in 
the other aggregate. After n operations we shall have a t  
most (n + z ) ~  regions, and the ratio of two homologous 
dimensions of two regions which correspond will always be 
included between 

and 
(I  - €l)(I - €2) * * e  (I - e,) 

(1 + d ( I  + €2)  .*. ( I  + En) 
and therefore between I - E and I + E. If we continue in 
this way indefinitely, every point of A and every point of 
B will have a number, after a finite number of operations, and 
this number will be a t  most double the number of the same 
point in the provisional classification. 

This final classification satisfies completely the conditions 
of our theorem. For, if we consider any two points A,, A,, 
with their corresponding points Bp, B,, the difference of the 
abscissa x, and x, of A, and A,, when the regional division 
has progressed far enough (that is, after a number of opera- 
tions not greater than the larger of the two members p ,  q),  
will be equal to  the sum of the rectilinear sides of certain 
regions, and the abscissas x;, x: of B, and B, will be equal to 
the sum of rectilinear sides of the corresponding regions. 
We shall have then 

x; - x; 
I -€<-  < I + €  

XP - x, 

I - € < -  
Y P  - Yn 

(1) 

and similarly 

( 2 )  
Yk-YL < I + E ,  

from which follows immediately 

But this last relation is the statement of our theorem. 
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We might show in the same way the analogous theorem 
about the angles a and ,6 which the lines A,A, and B,B, 
make with the axis Ox. In  fact, we have 

I 1  Yu-Ya tan p - Y p - Y g  

x, - I )  X:, - .xQ tans=-- , 

so that from equations ( I )  and (2) we deduce immediately 

I--€ t a n a  I + €  -<- < -* 
I + €  t a n p  I -€  

If we take the angles a and p positive, since they are al- 
most of the same value, cot p + tan a is greater than or a t  
least equal to 2, and therefore, neglecting e2, we shall have 

1 t a n a  j -- 

The  properties of the correspondence which we have 
shown to  exist between two enumerable aggregates A and B, 
which are dense in equal circles C and C’, are worth studying 
more completely. Here follow some remarks that might 
be useful in such a study. I n  the first place we observe 
that if any partial arrangement of points A,,, A,, 
approach a limiting point P ,  there corresponds to  i t  a partial 
series of points Bnl, Brit, which approaches a limit P’. 
The correspondence between P and P’ is well defined,- 
that  is, is independent of the partial series that  may be 
chosen. We have in this way a one-to-one correspondence 
between the points of C and the points of C’. 

Let us agree to  call the parallels to the axes, drawn through 
the points of the aggregate, lines of discontinuity. T o  any 
point M not on a line of discontinuity corresponds an homol- 
ogous point hi”, and the transformation of the region in the 
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neighborhood of A4 into the region in thegnei hborhood of 
M' may be written in the form 

x' = ( h  + 7)x  

Y' = (h  + ?'>Y, 
where x ,  y are the coordinates of M ,  x' ,  y' are the coordinates 
of M', h, k are constants of value between I - e and I + e, 

and 7 and 7' are functions of x and y which approach zero 
when x2 + y2  approaches zero. The  constants h and K are 
the two ratios of similitude (parallel t o  the two axes) of the 
neighborhoods of M' and M .  If the points M' and M lie 
on a line of discontinuity, the ratio of similitude in the 
direction perpendicular to  this line has not the same value 
on both sides of the line. A t  a point M which is the inter- 
section of two lines of discontinuity, there arc four valuesfor 
each ratio of similitude, corresponding respectively t o  the 
positive and negative variations of the two coordinates. 
The  ratio of similitude h is thus defined throughout C. It is 
discontinuous on the lines of discontinuity, but  continuous 
a t  other points. 

If we know nothing about the provisional numbering of 
the aggregates A and B, we can merely say this about the 
relation between the provisional numbering and the final 
numbering: tha t  the final number n is a t  most twice the 
provisional number p ;  for every point numbered provi- 
sionally A, or B ,  is chosen after a t  most 2 p  operations. 
We cannot, however, give an upper limit t o  p as a function 
of n. 

It will be possible to  determine such a limit, provided 
tha t  we take care to choose the system of provisional num- 
bering from among those tha t  are sensibly homogeneous. 
Let us make our meaning clear. By definition, in order to 
arrange a very large number p of points in a homogeneous 
manner in a circle C, we shall construct a square grating 
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such t h a t  p of its vertices are inside C;  if a, is the length 
of a segment of the grating, we shall pu t  one point in each 
square of side aV, and l2 in each square of lav, exactly if 1 is 
an integral number, approximately if 1 is not. Let us write 
Zr,=X and take X as fixed and p variable. Then for every 
value of p we can calculate the approximate number of 
points inside the square of side X, a number which may be 
given asymptotically as pX2/rr2, r being the radius of the 
circle C. We shall say tha t  the arrangement of points of 
the enumerable aggregate A,, A2, -1 ,  A,, is asymptotically 
homogeneous if, for any square of side X, the number X, of 
points of index less than p inside this square approaches 
this same symptotic value pX2/rr2 when p increases indefi- 
nitely; ;.e;, if the ratio xX,r2/pX2 between the numbers X, 
and the symptotic value pX2/nr2 approaches I as p increases 
indefinitely. We shall say that  the arrangement is sensibly 
homogeneous if this ratio becomes and remains limited by 
two constants a! and P(a! < I < a) independent of p and of 
the position of the square of side X. 

I n  the preceding definition of homogeneous arrangement, 
nothing was said about the points that  happened to  be 
situated on the boundary. If the boundary is a square of 
side a, the maximum number of points situated on this 
boundary for a grating of measure a/n is 4 n, the total num- 
ber of points being n2. Generally speaking, the number of 
points on the boundary will be said to be normal if i t  is of the 
order of magnitude of the square root of the total number of 
points. We must observe that  this notion of normal depends 
on the assumption that  there are points on the contour. If 
the points were arranged arbitrarily, in the general case there 
would be no point on the boundary, and this is indeed the 
simpler hypothesis. But  if there are points on the contour, 
the case is probably that  there is some sort of a relation 
between the way the contour is chosen and the way the 
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points are given. Hence i t  is natural t o  suppose tha t  the 
probability tha t  a point falls on an arc  of the boundary of 
unit length is some finite proportion of the probability 
tha t  a point falls in unit area. This hypothesis is verified, 
for instance, if the boundary is a circle and if the points of the 
aggregate are those with rational coordinates. Other such 
hypotheses might be conceived, related to  the theory of 
numbers. 

We must then, in the case where there are points on the 
boundary, add to  the hypothesis tha t  the arrangement is 
sensibly homogeneous inside, the hypothesis tha t  i t  is sensibly 
homogeneous on the boundary. 

I n  many questions, the preceding definition of sensibly 
homogeneous arrangements is inadequate ; i t  is necessary 
t o  add a condition which may be called intrinsic homogeneity, 
because it introduces the relative positions of the points 
of the aggregate. If we consider the vertices of a grating, 
which we take as the type of homogeneity (or, say, a net of 
equilateral triangles), we see tha t  the shortest distance 
between two vertices is proportional to the inverse square 
root of the total number of points. We say tha t  a two- 
dimensional aggregate is intrinsically homogeneous if the 
shortest distance between any two of its points of number 
less than p is of the order of magnitude I/./TZ;.' Homo- 
geneity of arrangement and intrinsic homogeneity are thus 
seen to  be independent conceptions, neither being a conse- 
quence of the other. 

Given a denumerable aggregate, dense within a circle (or 
square), i t  is always possible to  number its points in such a 
way as  to satisfy the conditions of homogeneity. One of 
the simplest methods of doing this is as follows. After 
having numbered some of the points, we trace a grating 

boundary of points very near to this boundary and not lying on it. 
1 An analogous condition should be verified for the shortest distance to the 
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fine enough to make a few more squares than points already 
numbered, and such tha t  one square includes a t  most one 
of these points. There will then be some squares that  do 
not contain such points. I n  each of these we number one 
point of the aggregate, by choosing it inside a square con- 
centric with the first, and twice smaller, taking the point of 
smallest subscript in the provisional numbering (thus we are 
sure of not omitting any point). 

Any system of numbering tha t  satisfies both conditions of 
homogeneity will be spoken of as normal. It is easy to 
verify the fact tha t  the methods of numbering habitually 
used lead to  normal arrangements. 

When the two aggregates t h a t  are dense in C and C’ are 
numbered normally, i t  is possible to arrange matters so that  
the one-to-one correspondence set up between their elements 
shall be itself normal; ;.e., there exist between the provi- 
sional numbering, p ,  and the final numbering, n, inequalities 
of the form 

p a  < n < p@,  

where the exponents a and p are finite and depend only on 
the number of dimensions in the aggregate considered, and 
on the convergent series Z e n  which has been used. (In 
order to  be sure that  a and are finite, there must be a finite 
quantity h such that  limnhen = 0.) 

We divide the aggregate A into two others, A’ and A“, 
still everywhere dense, and the aggregate B, similarly, into 
B‘ and B”. It is then easy to  show tha t  the correspondence 
can be set up in such a way that  the points of A’ correspond 
to those of B’ and the points of A” to  the points of B”. 
For that, i t  would not be sufficient of course to  apply the 
general theorem first to  A’ and B’ and then to  A and B, 
because the correspondence thus set up between two 
points P and P’ inside C and C’, respectively, would not in 
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general be the same by  means of the two separate corre- 
spondences. 

This procedure we can extend to the case where A and B 
each consists of a denumerable infinity of aliquot parts, every- 
where dense. We can establish, for instance, a continuous 
one-to-one correspondence between the rational numbers in 
a certain interval, and the algebraic numbers in a n  equal 
interval, in such a way t h a t  t o  the rational numbers whose 
denominators consist of h and only h distinct prime factors, 
correspond the algebraic numbers which are the roots of an 
irreducible equation of degree h (for h = I we get the rational 
numbers ; if we wish to  consider only the irrational algebraic 
numbers we must take irreducible equations of degree h + I ) .  

LET us consider now two regular aggregates of zero 
measure, of which the fundamental points are precisely the  
denumerable aggregates A and B inside the circles C and C'. 
If we suppose t h a t  the squares of exclusion belonging to  the 
corresponding fundamental points have as their sides lines 
which correspond, it is evident t h a t  the two aggregates will 
correspond point by point in the one-to-one correspondence 
t h a t  we have established between the points P inside C 
and the points P' inside C'. I n  other words, given a regular 
aggregate of zero measure of which the fundamen ta l  points B 
are dense in C', we can define a regular aggregate of zero naeas- 
UTZ of which the fundamen ta l  points are the elements of a n  
arbitrary aggregate A, dense in C, in such a w a y  that the two 
aggregates Correspond to each other continuously and in a one- 
to-one manner (the ratio of similitude being contained be- 
tween I - e and I + E ) .  

Hence in order to  study regular aggregates of zero measure 
of which the fundamental points are dense within a certain 
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region, we can without loss of generality assume that the 
fundamental points are, for instance, the points with rational 
coordinates. In  particular i t  is easy to  prove this important 
proposition : Every regular aggregate of zero measure of which 
the fundamental points are dense within a certain region has 
the order of the continuum. In  other words, if we arrange a t  
pleasure the diminishing of the squares of exclusion in the 
neighborhood of fundamental points, i t  is not possible to 
make this diminution rapid enough so tha t  the fundamental 
points shall be the only ones of the aggregate. 

For simplification let us consider the case of a single 
dimension ; the demonstration is in principle the same for any 
number of dimensions. Let A, be the intervals of exclusion 
belonging to the points A,. For each value of h we can 
define a positive function qbh(%) increasing with n, such that 
we shall have 

I 

$h (n> a 

measure (A:) >- 

On the other hand, if we are given a denumerable succes- 
sion of increasing functions # h(n), it  is possible, according to a 
theorem of Paul du Bois-Reymond, to construct a function 
#(n)  increasing more rapidly than any of the functions qbh(n). 
After having found this function qb(n), the theory of con- 
tinuous functions enables us to define an infinite number of 
irrational numbers x (an infinity which has the order of the 
continuum) such that there exists for each of them adenu- 
merable infinity of relations of the form 

m I x - -  <- 1 I 
where m and n are integers. Such a number x, whatever 
h may be, belongs to a t  least one of the intervals A:’; i t  is 
therefore an element of the aggregate defined by the points 
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An and these intervals of exclusion. I n  order to  define the 
numbers x and show tha t  their aggregate is of the order of the 
continuum, i t  is sufficient t o  investigate a continuous fraction 
in which the incomplete quotients increase very rapidly. 
If we write 

Q n t 1 =  anQn + Qn-1 
and assume tha t  

where 4(n) is the function which we have just defined, we 
shall have, from the nature of the convergents, 

a n  > +(&n>, 

But the totality of systems of integers an which verify the 
relations a, >+(Qn) have, themselves, the order of the con- 
tinuum-l 

If we wished to  have intervals of exclusion which should 
decrease rapidly enough so tha t  the aggregate of points 
defined by them would be composed only of the fundamental 
points, the &(n) would have to  contain functions increasing 
more rapidly than any +(n). According to the theorem of 
Paul du Bois-Reymond, tha t  is not possible if the indices 
h are denumerable. It would be necessary then to  make 
belong to any fundamental point a transfinite infinity of 
intervals of exclusion, the corresponding functions &(n) 
(where a denotes a transfinite number) being such tha t  every 
increasing function $(n) is surpassed by one of them. , In  
this way, however, we get outside the domain of definitions 
expressible in a finite number of words. 

I n  order to  classify the regular aggregates of zero measure, 
i t  is better to  consider rather than the functions +,(n) which 

1 Each an may be odd or even; the aggregate of x then includes an aggregate 
of the same order as that  of the numbers O.IOIOIIO"., written in the binaryscale. 
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we have defined, the functions +j,(n) determined by the 
relations 

The  convergence of the series formed by the intervals of 
exclusion of order h implies that  the functions +j,(n) should 
increase indefinitely with n. After the theorem of Paul du 
Bois-Reymond, there exists a function +(n) increasing less 
rapidly than any of these, which nevertheless approaches 
+ to as n approaches 00. Hence whatever the value of h, 
if we take n large enough, we shall have 

that is to  say, that  the different series formed by the intervals 
of exclusion all converge more rapidly than the series 

The more rapid the increase of $(n), the fewer points are 
included in the aggregate of measure zero, because the 
intervals of exclusion in that case decrease more rapidly. 
It is natural, then, to  take the function +(n) as defining 
what we may call the asymptotic order of the regular aggre- 
gate of zero measure. These orders can be expressed by 
means of the notations used for orders of infinity ; $(n) = n" 

will be said to  be of order p ,  +(n) =E" of order d, een of order 
2, etc. We meet the aggregates of order o2 in defining 
monogenic functions which are not analytic. 

IV 

PERHAPS i t  is opportune to emphasize a little the general 
conclusions which follow from this rapid study of aggregates 
of zero measure. 
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Aggregates of zero measure have a fundamental position 

in the theory of functions. It  is, in fact, always possible to  
inclose the singularities of finite functions in aggregates 
which are either of zero measure or of measure as small as 
we like. On the other hand, aggregates which are not of 
zero measure have a uniform quality, being formed of con- 
tinuous aggregates either positive or negative. They  are 
heterogeneous with regard to  the continuum. Aggregates 
of zero measure can, however, be sensibly homogeneous with 
regard to  the continuum, tha t  is t o  say, identical with them- 
selves in intervals as small as we like. 

T h e  concept of aggregate of zero measure is so general 
tha t  we cannot hope to  make a profound investigation of the 
properties of functions without studying minutely this 
general notion. T h a t  is to  say, we must not regard all 
aggregates of zero measure as undifferentiable. The  classi- 
fication based on the asymptotic diminution of intervals of 
exclusion seems to  me to  be a first step in this study which 
faces the students of analysis. 

With this question, as with all those where the general 
notion of increasing functions enters (as, for example, in the 
theory of the convergence of series with positive terms), 
difficulties of a transfinite nature are presented which we 
cannot hope entirely to  surmount. But, on the other hand, 
the problems which are actually met with are generally 
if not always free of these difficulties (this is the case,for 
instance, with the usual criteria for the convergence of series 
of positive terms ; for, although theoretically quite special, 
they are nevertheless practically sufficient for the treatment 
of the series which are presented in all researches in analysis). 
We can legitimately hope that  i t  will be the same way with 
the classification of aggregates of measure zero. Theoreti- 
cally the complexity of this classification surpasses tha t  of 
the study of series of positive terms, a study which will never 
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be finished ; but  practically, a relatively restricted number 
of classes will suffice for the needs of analysis. 

I n  closing I should like to direct attention to  a notable 
consequence of the theorem about the correspondence 
between two denumerable aggregates which are everywhere 
dense. It  might seem natural, passing from the finite to  a 
denumerable infinitive, to  suppose tha t  the positions of equi- 
librium of the centers of gravity of the molecules of a solid 
body should form a denumerably dense aggregate. But  
a priori it would seem quite an arbitrary hypothesis to 
suppose tha t  they should coincide with the points of rational 
coordinates. This simple arithmetic determination seems 
to  have nothing to  do with the physical conception. I n  fact, 
i t  evidently is not necessary. But  i t  is as general as any 
other. The  important point is that  the hypothesis verifies 
the conditions of homogeneity of arrangement and intrinsic 
homogeneity, as we have stated them. The  arithmetic 
treatment of the approximation of numbers by rational 
numbers is thus the reflection of the general properties of 
dense aggregates. 



I1 
MONOGENIC UNIFORM NON-ANALYTIC 

FUNCTIONS1 
I. T H E  THEORIES OF CAUCHY, WEIERSTRASS 

AND RIEMANN 

4, integration by d'Alembert of the equation of vibrat- 

the notion of an arbitrary function took shape. Among the 
geometricians who contributed to  clarify the new ideas, there 
should be mentioned Euler, in the front rank, and besides 
him Clairaut, Daniel Bernoulli and Lagrange. T h e  question 
was tha t  of the relation between the analytic and the physical 
definitions of a function: if a string is displaced arbitrarily 
from its position of equilibrium, does there exist a formula 
which represents exactly the initial state of the string ? 
Fourier answered in the affirmative and set ou t  the method of 
calculation of the coefficients of the trigonometric series 
which represents an  arbitrary function. The  views put  
forward by the genius of Fourier have been confirmed by 
the vigorous analysis of Lejeune-Dirichlet. 

The  discovery of Fourier revolutionized the notions preva- 
lent up to  tha t  t ime; i t  was believed, with Euler, t ha t  t o  
every analytic expression there corresponded a curve of 
which successive parts depended on each other : in order to  
express this interdependence, Euler created the expression 
' continuous function ' : the sense of this expression has since 
been modified. 

Under the influence of the same ideas Lagrange endeavored 
to  prove tha t  every continuous function can be developed 

Institute. 

T"' ing strings led to a series of researches out  of which 

1 Translated from the French by Professor Percy John Daniell, of the Rice 

22 
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in a Taylor series : this series would be the tangible form of 
the connection, so mysterious till then, between the different 
arcs of a continuous curve ; the knowledge of a small arc 
would have been sufficient t o  know the whole curve; bu t  
Fourier proved exactly tha t  the problem here was illusory, 
for the physicist who draws a curve remains a t  each instant 
free to  modify its aspect ; the  curve once drawn, i t  is always 
possible to  represent i t  in its entirety by a unique analytic 
expression. 

This led to  the apparently paradoxical result tha t  there 
existed no logical reason for regarding two segments of the 
same straight line, for example, as corresponding to  the same 
function, since i t  was always permissible likewise to  regard 
as a unique function the ordinate of the continuous curve 
formed of two different straight lines. At  the most it could 
be said that, in the case of two segments of the same straight 
line, the formula is simpler than in the case of two segments 
of different straight lines, bu t  this criterion of simplicity 
does not seem capable of precise definition, unless one is 
confined to  algebraic functions. The  paradox was cleared 
up by extension of the field of study of functions ; Cauchy 
showed tha t  the properties of real functions could only be 
well understood if imaginary values of the variable were also 
studied ; the idea of a function of a complex variable became 
indispensable. Cauchy based this idea on the definition of 
monogeneity ; a function of the complex variable z = x + iy 
is called monogenic if i t  has a unique derivative. A function 
which is monogenic a t  every point of a region without any 
exception - that  is, not allowing in the region any singular 
point - can be developed in a Taylor series in the neighbor- 
hood of any point in the region ; the  radius of convergence 
of the series is equal to  the distance from the center t o  the 
nearest singular point. From this fundamental theorem 
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Cauchy deduces the calculation of the integrals of the proper 
differential equations along any path in the plane. 

Cauchy’s theory was systematized by Weierstrass and 
Riemann. Weierstrass defined an  analytic junc t ion ,  in an  
exact manner, by means of elements and thus arrived a t  the 
idea of a region of natural existence, an  idea which was 
contained imp!icitly in Cauchy’s work, but  which was not 
mentioned explicitly by him. Riemann conceived a mon- 
ogenic function a priori  independently of any analytic 
expression and showed the advantages of this geometrical 
conception. 

In  reality, the analytic point of view of Weierstrass and 
the geometric one of Riemann find their most perfect 
synthesis in Cauchy’s fundamental theorem : monogeneity 
within a circle involves the existence of a Taylor series con- 
vergent within the circle. This theorem established a 
necessary connection between values of the same function 
as a simple consequence of monogeneity: i t  is sufficient to 
know tha t  a function is monogenic within a circle, in order 
t ha t  its value a t  any interior point should be known by a 
knowledge of its values in the neighborhood of another 
point. Since our aim is t o  define monogenic functions in 
regions more general than those considered up to  the present 
in the theory of analytic functions, i t  is necessary to  make 
precise the definition of these new regions. 

I shall call a region in which an analytic function can be 
defined in the sense of Weierstrass a Weierstrassian region or 
W region. I shall call regions more general than Wregions, 
in which a uniform monogenic function can be defined, 
Cauchy regions, or C regions, in honor of the creator of the 
theory of monogenic functions. We shall see tha t  the 
essential properties of monogenic functions in the C domains 
which we define are the same as in W regions ; this does not 
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exclude the possibility of defining C' regions more general 
again than our C regions. In  other words, we cannot assert 
t ha t  our generalization covers all uniform monogenic func- 
tions : but  i t  brings us to  a definition of a more general class 
than the class W of the analytic functions of Weierstrass. 

W regions are characterized by the following properties. 
Let  us call a I' circle every circle such tha t  all the points 
within I' belong to  W. Every point P of W is within a 
I' circle : the  I' circles corresponding to  two points P and Q 
of W can be reunited by a finite number of I' circles cutting 
each other two by two. To every uniform analytic function 
there corresponds a W region; inversely, M. Runge has 
shown tha t  t o  every W region corresponds an infinity of 
uniform analytic functions having precisely W as the region 
of existence. 

If i t  is assumed tha t  there is no other process of analytic 
continuation than the Taylor series, the boundary of the 
W region is a natural limit of existence of the analytic func- 
tion, and those portions of the plane, if such exist, which do 
not belong t o  ?F' ought t o  be considered as a lacunar space. 
On this point Weierstrass has insisted several times, and it 
has been made conspicuous in the clearest way by M. Henri 
Poincark. Let us consider a region D of simple form, such 
as the interior of a circle, and let us define a function G(z) 
having D as its lacunar space and another function Gl(z) 
defined only within D and having consequently all the  rest 
of the plane as its lacunar space. Let us divide the contour 
of D into two arcs D' and Dk. ILL Poincari shows tha t  i t  is 
possible to  find two uniform functions F(z )  and Fl(z) existing 
in the whole plane, except for the singular line D' for F 
and D" for F1, and in such a way tha t  

1: -t- J'I = G 
F + F, = GI 

outside D, 
within D. 
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If then the functions F and F1 are regarded asuniform, 

the function G(z) has the continuation Gl(z) which has been 
chosen entirely arbitrarily ; i t  is then proper to  discard all 
ideas of a continuation within the lacunar space. This 
paradox is apparently cleared up if i t  is observed that, when 
a function such as F ( z )  possesses a singular line D’, supposed 
impassable, this function remains uniform in Weierstrass’s 
sense when there is added a non-uniform function such as 

log Z C I . 3  , z,, and z1 being two points of the line D’. The 

remarkable result due to  M. Poincari. can then be inter- 
preted by the hypothesis that  F ( z )  and F l ( z )  are not really 
uniform: but  in order tha t  this hypothesis should have a 
meaning, i t  is necessary to generalize the definition of con- 
tinuation, in a way so as to be able to  pass in certaincases 
the impassable cuts of Weierstrass ; we shall see very soon 
how this result can be obtained. 

But  I wished before now to say some words concerning the 
ideas of Riemann, although i t  is specially in the study of 
non-uniform functions, of which I shall not speak here, that  
Riemann’s theory has shown itself productive. 

Cauchy has insisted several times on the importance of 
monogeneity. If an elementary function obtained by a 
simple calculation made on z is considered and if, for such 
a function G(z), the ratio 

z - z1 

G( z + 8) - G(z) 
6z 

is calculated, this ratio tends to a determinate limit when 
6z tends to  zero, with any argument. Cauchy expresses this 
essential fact by  calling the function monogenic. 
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the condition of monogeneity is translated into the two 
fundamental equations 

aP aQ 
ax a ~ ’  
aP aQ 
a y  ax’ 

-=- 

-=-- 

Cauchy has shown that  these equations, when they are 
verified in a region of the plane, involve the existence of the 
Taylor series; tha t  is to say, of that  which can be called 
analyticity in Weierstrass’s sense. Cauchy’s demonstra- 
tion assumes the continuity of the derivative ; M. Goursat, 
in a well-known piece of work, has shown that  the existence 
of the first derivative is sufficient, and involves the con- 
tinuity and existence of all the derivatives ; M. Paul Monte1 
has extended this result to  cases where the existence of the 
derivative has not been assumed in a set of points of measure 
zero. The  statement of these researches is outside my scope ; 
I should mention them nevertheless, because they are in a 
way complementary to  the results which I shall state further 
on. What  is sufficient to  remember is that ,  in the W regions, 
monogenic functions are analytic; for this reason the 
expression monogenic function is no longer in use by certain 
geometricians, the expression analytic function being con- 
sidered equivalent; as our aim is precisely to  define mono- 
genic functions which are not analytic, i t  is important t o  
distinguish clearly between the two expressions. 

It is difficult to  find out  if Cauchy conceived the existence 
of a monogenic function independently of any analytic 
expression. I n  fact, he always reasoned about functions 
which were defined, implicitly or explicitly through known 
functions, by means of ordinary or partial differential equa- 
tions ; but  his reasoning applies without modification to  a 
function defined in a purely ideal way as a correspondence 
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between z and G(z). This was the conception of Riemann, 
and has certainly rendered good service, as much in the 
field of real variables where i t  was introduced by  Dirichlet, 
as in the field of complex variables, by  accustoming mathe- 
maticians to very general methods of reasoning, made once 
for all and susceptible of application to cases not foreseen 
a t  the time when the reasoning was done. I n  fact, there 
is no real difference between Cauchy’s and Riemann’s point 
of view ; to apply considerations like those of Riemann to  
one determinate function, this function must be defined, that  
is to  say must be distinguishable from other functions ; and 
if this definition is effective, i t  returns to the category of those 
which Cauchy admitted. This point belongs to the con- 
troversies concerning the axiom of Zermelo ; Riemann’s 
point of view is otherwise legitimate, whatever attitude is 
adopted in this controversy ; for those who require a precise 
definition, i t  saves one from thinking of all the processes of 
definition which can be imagined; for those to whom an 
ideal definition is sufficient, i t  allows one to treat ideally 
even those functions which will never be defined practically. 

It is by means of Cauchy’s fundamental theorem 

that i t  can be shown that  monogeneity in a W region involves 
analyticity in the region. We shall use this theorem also 
in studying monogenic functions in a region, not W ;  i t  will 
be convenient in order to argue in a general manner about 
all the possible methods of definition of these functions, to 
consider them as defined in Riemann’s way;  that  is, to 
assume that  nothing is known about such a function except 
that  it is monogenic. It is necessary to  show afterward that 
a theory thus constructed is not empty, by giving actual 
examples of functions defined no longer ideally, but explicitly. 
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I shall restrict myself to stating the definition of C 

regions in a particular case ; if the properties of sets of zero 
measure studied in the previous lecture are used, i t  can 
be seen tha t  this particular statement can be considerably 
generalized. 

Let us consider a Wregion, and a region within W in 
which we define a denumerable infinity of fundamental 
points, everywhere dense ; we shall assume tha t  these funda- 
mental points A, are the points within the circle [ z l = I 

whose coordinates are rational. To each point A, is at- 
tached a positive number r%, and we shall assume tha t  these 
numbers r, tend very rapidly to zero as n increases indefi- 
nitely ; we shall define later the manner of decrease ; it  is 
sufficient here to know tha t  the remainder of the conver- 
gent series rl + rz + is less than a quarter of the 
last term retained; we shall denote by  C, the region ob- 
tained by excluding from the W region the points within 
circles Ct) defined as follows. Let us consider circles S$) 

having as their centers the points A, and for their radii 5 ; 

the circle C'$ has its center a t  AI, and its radius is the smallest 
of the numbers between r 1 / 2 ~  and rl/zqfl and such tha t  
i t  does not cut any of the circles Sf)(n > I )  ; this is possible 

+ r,, + 

2, 

m 
in virtue of the hypothesis rl > 42 from which i t  follows 

tha t  3 - -9- > 2 2 3 ; the Sf) circles are then either inside 

CP) (including those which touch internally), or outside Cr) 
(including those which touch externally). We shall take 
no account of the interior circles, and we shall denote by 
A, the fundamental point of smallest index correspond- 
ing to the exterior circles ; the circle CP will have its cen- 
ter a t  A, and its radius the smallest number contained 

2 
m 

2 zq 29 29+1 
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between and - 5 ~  such tha t  it does. not cut any of the 

circles S$’(n > nz) ; it is exterior t o  the circle CP) since i t  is 
interior to  the circle SiQ), and a t  the same time exterior t o  
the circles SA*) of index less than n2, for these circles are in- 
terior t o  Clq) because of the method by which n2 was chosen. 
Similarly the circle Cia) etc. is defined and one sees tha t  if 
the region obtained by excluding the points inside circles 
Ct) is denoted by C,, and the region obtained by excluding 
the points inside circles St) by Ch, all the points of C, 
belong to  CL+l, while all the points of CL+l belong to  CQ,l; 
the consideration of the regions C, is then equivalent t o  tha t  
of the regions C;+, and evades the difficulties which result 
from intersections of the circles. 

The  points of the circumference of C:) are said to  con- 
stitute the frontier of C,; the points of C, which do not 
belong to  this frontier are called interior to  C, ; i t  is impor- 
tant  to  observe tha t  we use the word interior here in a dif- 
ferent sense from the usual one in the theory of W regions. 
The  points of the set C,, situated in the interior of the circle 
of radius I ,  form a perfect set, which can be considered as the 
derived set of the set of its frontier points Cf). 

The  region C is defined as the set of all points such tha t  
each of them is interior to  some C, : the  region C is not perfect, 
for it does not contain the points A,, which are its limiting 
points. We know tha t  the set (of zero measure) of points 
which do not belong to  C has the power of the continuum. 
We shall say tha t  a region D is interior t o  C, when all the 
points of D belong to  one and the same C,, of fixed index. 
Among the regions interior t o  C, we shall consider a little 
more exclusively the regions C, : every point of C, is interior 

The  region C will be said to  belong to  the class (C) of 

2 4  24fl 

to  C,+l. 
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Cauchy regions which we are studying here if the numbers 
r n  are such that, for n sufficiently large, 

log log log - > n ; (1) 

if this condition is verified for two regions C and C', i t  is 
verified for the part  common to C and C'. 

Together with the regions Cp and C, we shall consider 
reduced regions which we shall denote by Fa, and F. T o  a 
region C corresponds a determinate system of regions C,, 
and an infinity of systems of reduced regions ; the following 
is the definition of one of these systems. Let us suppose 
numbers pn given, tending to  zero rapidly as n increases 
indefinitely, but  much less rapidly than r n  ; more precisely, 
we shall suppose tha t  

I 

rn 

I I -;z < log log- ; 
Pn r7L 

and, a t  the same time, whatever the fixed number a, that ,  
for n sufficiently large, 

I ->nn" ;  
PfZ 

these two conditions ( 2 )  and (3)  are quite consistent by virtue 

,The  regions rp are defined by means of p n  as the C,'s 
by means of r n ,  that  is, are limited by circles of radii bc- 

of ( I ) . 1  

tween fi and -$% exterior to each other. The  region I' is 
2 p  

formed of the set of points interior (in the sense indicated 
above) to  each FD. The regions rP are perfect, I' is not 
perfect; the set complementary to  I' has zero measure 
and the power of the continuum. 

The  set C contains all points of I' since Cp contains all 

(I) (2) and (3)  could be replaced by wider conditions : my aim here is to simplify 
the statement. 
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points of l?,: but  C contains besides points which do not 
belong to  I?. 

The  following theorem is fundamental : 
If a function of the coordinates of a point P is defined in C 

and continuous in every C,, the knowledge of its values at all 
points of I’ involves the knowledge of its values at all points of C. 

In  other words, two functions continuous in C (that is, 
defined in all C and continuous in every region interior t o  C) 
cannot coincide in all I’ without coinciding in all C;  or, 
finally, a function continuous in C and zero in I? is  zero in C. 

In  fact, let P be a point of C ;  this point belonging to  a set 
C, interior to  C, i t  is a limiting point of the set formed by the 
frontier of C,; i t  is sufficient in order to prove tha t  the 
function is zero a t  P, since it is continuous in C,, to show that  
i t  is zero on each circumference which constitutes this 
frontier (the remark has already been made that  each of these 
circumferences is interior to  C,,,) ; then, on one of these 
circumferences (as on every rectifiable curve traced in the 
plane), the points which are part of I’ are everywhere dense ; 
the function being continuous on this curve is then zero 
throughout this curve if i t  is zero a t  all points of I?. 

When we speak of a reduced region, we shall assume that  
we consider a determinate region, the  pa)^ being chosen in a 
precise way, satisfying the inequalities ( 2 )  and (3). It might 
happen that  we had to  consider a t  the same time another 
region I” defined by numbers p; ; if 

(4) pk’ = Pn 

we say that  I” is of order p with respect to I’ ; if p is greater 
than one, the numbers p i  satisfy the inequalities ( 2 )  and (3) 

1 We neglect points P which would be interior to C in Weierstrass’s sense; for 
them the proposition is evident, since they are centers of circles inclosing no A, in 
their interior, they are also interior to r in Weierstrass’s sense. 
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when the p i s  satisfy them:  in this case the set rk is 

interior to r,, for the excluded circles of radii E- are larger 

than the circles of radii (for p n  can always be supposed 
less than I ) .  

Let us remark finally tha t  the points of C, which lie on 
any curve whatever, a straight line for instance, form a 
perfect set, defined by contiguous intervals (in M. Baire’s 
sense), which are the chords intercepted on the straight line 
by the circles. This set may or may not contain intervals : 
but in every case i t  is perfect, and consequently a function 
continuous in C, and zero a t  all the points which limit the 
contiguous intervals is zero a t  all points of the set a t  the 
same time with all its derivatives in C,. 

r 

23 

2p 

11. MONOGENIC FUNCTIONS I N  c REGIONS 

WE shall say tha t  a function F ( z )  is monogenic in a region 
such as C if :  

I O .  It is continuous within C (that is, as we have explained, 
continuous in every C,, interior to  C ;  since the set C, is 
perfect, this continuity in C, is uniform) ; 

2’. A t  every point P of C, i t  has a derivative with respect 
to  z, unique and continuous within C. To define the deriva- 
tive a set C, of which P is a part is considered, and denoting 
by P’ any other point of C, the limit of the ratio 

P P  
( 5 )  

is found when the vector 5‘ = z’ - z tends to  zero; if 
this limit ‘exists for every value of p, i t  is evidently independ- 
ent of the value of p ,  for all points of C, belong to  C,,,; 
for this reason this limit can be called the derivative of F ( z )  
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within C, that is in every region interior to  C. The  con- 
tinuity of the derivative within C is to be understood in the 
same way as the continuity of the function itself within C: 
continuity in each C, interior to  C. This hypothesis of the 
continuity of the derivative is doubtless superfluous ; but 
i t  simplifies the argument. 

Since the set C, is perfect, every function continuous in 
C, is bounded in C,. 

Let us mention a t  once an example of the simplest kind 
of a C region and of a function monogenic in this regi0n.l 

Let us form the series 
4 n 

n 
Clearly this series is convergent outside 
which the vertices are the points z = 0, I ,  

the square T of 
i, I + i. Inside 

this square the series has an infinity of poles ; in fact, all the 

points whose coordinates are rational numbers x = 2, y = :. 

But if circles having these poles as centers and radii be 

considered, the series is absolutely and uniformly convergent 
a t  all points outside these circles, whatever the fixed number 
E may be. The  same is true if circles F(t) with centers a t  

n 

n4 

the points 2,  e and radii le-en'  are considered, where h is a 
n n  h 

fixed integer which we are allowed to  increase indefinitely. 
I shall call I?, the set of circles Ff) and C, the set of points 
which are not inside any of the circles Ff). There exists an 
infinity of curves which cross the circle and of which all the 
points belong to one same region C,. 

1 The region C considered here is a little more general than the regions defined 
above, in the sense that  the series 2; converges a little less rapidly. 
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T h e  function F(z)  is evidently monogenic within the 

region C which is the limit of the C i s  ; it has in fact a t  each 
point of this region a determinate unique derivative, which 
is obtained by differentiating the series term by term. The 
value of this derivative is independent of the way in which 
the increment 6z tends to  zero, with the reservation, of 
course, that  z and z + 6z are inside C,. 

T h e  study of monogenic functions within a region C 
requires the extension of Cauchy’s fundamental theory to the 
contour which limits a perfect region C,. To this end we 
shall establish a t  once the following fundamental property 
of a function F ( z )  monogenic in the region C. If we denote 
by p a fixed number 

the curve K being any simple curve all of whose points are 
inside C,, the sum Z referring to all the circles C:) which are 
inside C p ;  the integrals are all taken in the direct sense. 

(7) F(z )  = P(., Y )  + i Q(x, Y), 
so that  the equation (6) becomes two equations, of which 
i t  is sufficient to  demonstrate one ; for example, 

We shall set 

To prove this relation, we define a function Pl(x ,  y), finite 
and determinate a t  all points interior t o  K ,  and coinciding 
with P(x, y )  a t  the points inside K which belong t o  C,; 
there remains the definition of PI@, y )  inside the circles 
8:); on the circumference of these circles i t  coincides with 
P(x, y). We shall define Pl(x,  y) inside the circle by the 
condition that  on chords of the circle parallel to  Oy i t  varies 
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linearly. (Its values a t  the extremities are known for they 
coincide with tha t  of P(x,  y).) The  function Pl(x ,  y) thus 
defined is continuous within K and has a t  every point a 

derivative 2 ; this derivative is bounded according to ' the 

hypothesis tha t  the derivatives of P are bounded (which 
is involved by the existence and continuity of the derivatives 
of F ( z ) ) ;  in fact, a t  points inside C, the derivative of P I  
coincides with the derivative of P ;  a t  points inside C;', 
the derivative of P1 is constant along a chord parallel to  Oy 
and equal to  the quotient of the difference of the values of 
PI (that is, of P) a t  the ends of the chord, divided by the 
length of this chord. 

6P 
6Y 

The  difference of the values of P is 

(9) 

if M N  denotes the arc subtended by the chord. 

This integral is less than the product of the length of the 

arc M N  and the sum 

is divided by the chord M N  is a t  most equal t o  

and its quotient when i t  

and is consequently bounded a t  the same time as the de- 
rivatives 

ax dY 
Similarly the values of P1 lying between the values of P, 
PI have the same boundary as P.l 

l3P and -. 

dP 
aY 

1 The derivative is discontinuous a t  points on a circumference. This pro- 

duces no inconvenience; one can modify the definition of PI by choosing other 
curves instead of straight lines. Sufficiently simple results can be obtained by 
taking the sum of a parabola and a sinusoidal curve. 
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According to a classical result, denoting by  (m the area 

within K 
ap'dxdy = - JP1dx  K = - j K Pdx 

since on K ,  P1 coincides with P. 
Similarly Ql(x, y )  being defined by means of Q(x, y )  in 

the same way as P I  by means of P (taking always parallels 
to  Ox in place of parallels to O y )  : 

It follows tha t  

The double integral of the right-hand side reduces to zero 
for those portions of the area ( K )  which belong to  C,, for 
a t  a point inside C, 

- ap1+ ?!A = !E+ Q = 0. 
a y  ax a y  ax 

The formula (IO) then reduces to 

But the area of C?) is equal to !& ; on the other hand, 

the moduli of -2 and - are less than a fixed number in- 
4p 

aP aQ1 
aY ax 

dependent of n (depending on p ,  but p is fixed) ; then 

It is easy to  obtain from this the formula (6) ; since the 
series Zr: is, in fact, convergent, we can choose n in such a 
way that the remainder of this series 2;+,ri is less than E ma 
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When the number n has been thus chosen, let us denote by K' 
the contour formed of the contour K traversed in the 'direct 
sense and the circumferences Cy), C?), - . a 7  Cz) traversed 
in the retrograde sense ; we can argue about K' as we have 
done about I< (by completing i t  if we wish by rectilinear 
cuts to make i t  a simple contour) ; we shall obtain 

tha t  is, the integrals being taken in the direct sense 

If E is made to  tend to zero, n increases indefinitely and 
from i t  we obtain the relation (8) from which the relation (6) 
follows. 

We deduce now from (6) Cauchy's fundamental theorem ; 
let  x denote a point within a reduced region rp and yu a 

There exists such a circle yn, whatever the number q (at 
In fact x being within rl,, least after a certain value of q) .  

whatever n may be, a, being the affix of A, 
I I x - u n I  > - rp ,  

2" 

Consequently, the points a, for which 

are such tha t  

Let us denote by n, the smallest value of n after which 
this inequality (13) is satisfied ; all the a,'s inside the circle 
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I of center x and radius have indices greater or equal to 

ng ; the sum ’ E r n  of the radii of the corresponding circles 
2 y  

in Cp is then extremely small compared to - I P, since the 
2 p  

rn’s are much smaller than the corresponding Pn’s ; since this 

sum is extremely small compared to zp-i, there exist circles 

of center x and radius between > and f. and which do 

not cut any of the circles C:) ; a for t ior i  they do not cut the 
circles Cf) whose centers are more distant from x, for the 

radii %of these other circles are very small compared with 

I 

2 a  

2 p  

8 and their centers are further from x than -. pn 
2 p  2 p  

The  circle being thus defined, let us consider the func- 
tion 

within the region contained between the contour K and y q ;  
clearly in this region this function is monogenic; we then 
obtain the relation 

the sum on the right-hand side referring to  the C$”s which 
are contained between and K.  

If M denotes the maximum value of 1 F ( z )  I within C,, 
the maximum value of f(z) on different Cg)’s is evidently 
24+’M; if q + I is put  in the place of q, an infinity of new 
terms are introduced on the right-hand side, bu t  i t  is easily 
seen tha t  the lengths of the paths of integration (circum- 
ferences of the C$)’s contained between y 4  and y4+’) have a 
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the right-hand side is sum of an order much less than 2,,1 ; 
then a convergent series and 

I 

the sign 2 now referring to  all the circumferences C,P which 
limit C,,. As for the left-hand side, i t  follows-from the con- 
tinuity of F(z) a t  the point x in C,,, all the y * ’ ~  being interior 
to C,, tha t  i t  is equal to 2 n i F ( x ) .  The generalized Cauchy 
formula follows 

From this formula the classical consequences can be de- 
duced and in particular the fact  that  monogeneity (existence 
of the $rst derivative) within the region C involves the existence 
of the derivatives of all orders. This formula (14) shows 
moreover tha t  non-analytic monogenic functions can be 
put in the form of series whose terms are analytic functions. 
It is natural then to  look for an associative method of con- 
tinuation applicable to  such sums. The  probiem is nothing 
else than the problem of divergent series : to  each analytic 
function corresponds a Taylor development convergent in a 
circle, bu t  divergent outside this circle ; this development 
is determined by a knowledge of the values of the derivatives. 
If a series of analytic functions is indefinitely differentiable, 
its derivatives are expressed linearly by means of the deriva- 
tions of the terms, and the Taylor series which corresponds 
to  these derivatives is a linear function of the Taylor series 
corresponding to  the different terms of the series. But  if the 
function is not analytic a t  the point where the series is 
developed, this Taylor series will be the sum of series whose 
radii of convergence decrease indefinitely and, in the case 
we are studying, will have a zero radius of convergence. 
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The  problem of divergent series consists in transforming 
such a series into a convergent series in such a way tha t  the 
result coincides with the analytic continuation in the case 
where this continuation is possible. Thanks to the fine 
researches of M. Mittag-Leffler, this problem has been 
resolved for the first time in an entirely satisfactory way; 
i t  should be observed that,  if i t  is desired to  use these 
results for the continuation of non-analytic monogenic 
functions, they must be interpreted either by the language 
of divergent series, or by an equivalent language if one prefers 
not to  speak of divergent series ; but in every case by a new 
language, specially adapted to  the real novelty of the results, 
and not by the old language of Weierstrassian analytic 
continuation ; that  is the only language which may not be 
used, since i t  has an absolutely precise meaning, which can- 
not be modified ; Weierstrass’s theory is, in some way, so 
perfect that  i t  can only be departed from by creating a new 
language : if, as M. Mittag-Leffler proposed, Weierstrass’s 
language were adopted, M. Mittag-Leffler’s series would be 
only a simplified method of calculation containing nothing 
more from the theoretical point of view than Weierstrass’s 
theory contains. 

111. CONTINUATION BY SERIES (hf) 
IN order to  study continuation by M. Mittag-Leffler’s 
series, or series ( M ) ,  we suppose that  the point is interior 
to a reduced region I?;, of order equal to  z with respect to 
rn (the circles of exclusion are defined by numbers ph 
equal to ./E) ; evidently then an infinity of straight lines 
issuing from the point x can be drawn interior to  rD. 
More precisely, if x belongs to  I”, within every given angle 
having its vertex x, a straight line interior to  rP,, of con- 
venient index, can be found; this index can increase in- 
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definitely as the angle tends to  zero, bu t  is determinate 
when the angle is given (this follows from the fact tha t  the 
sum of the angles subtended a t  x by the circles which limit 
J?,! is less than twice the sum of the convergent series z($ : 2) and is consequently as small as we please if 

p’  is sufficiently large). We shall suppose, so as not to com- 
plicate our notation, tha t  p has been taken equal to  p’  in the 
preceding argument (the point x interior to r p  is a for t io r i  
interior to  I?,, if p’ > p ) .  

We develop F ( z )  in a series on one of the straight lines 
which we are about to define, interior to  rD. Each of the 
terms of the right-hand side of (14) is an analytic function on 
this straight line and can therefore be developed in a series 
of Mittag-Leffler or ( M )  polynomials ; i t  is enough to  show 
tha t  the multiple series formed of the set of these series is 
absolutely convergent, in order t o  show tha t  i t  represents 
2 niF(z) .  

This series is then formed by means of the derivatives of 
F ( z )  a t  the point x (these derivatives exist, as we have 
remarked, according to  (14) for every displacement on the 
straight line and in rP), in the same way as the ( M )  develop- 
ment of an analytic function is formed by  means of the 
derivatives of tha t  function ; we assume, to  save writing, 
tha t  x = 0. 

I remind the reader of the properties of ( M )  developments 
which I have demonstrated in my memoir on series of poly- 
nomials and rational fractions (“ Acta Matematica,” I, 
xxiv). One finds tha t  

I 

G,(z)’s being polynomials which i t  is useless to write again 
and the series 2 1 G,(z) I being convergent in the ‘ star.’ A 
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region S (R ,  p )  is defined as follows : R being > I and p < I ,  

we consider the circle of center o and radius R, the circle of 
center I and radius p and the tangents to  this last circle 
from 0, the points of contact being M and N ;  the region 
S(R,  p )  is bounded by the arc M N  less than R, the continua- 
tions MM' and NN' of OM and ON as far as the circum- 
ference of radius R and the arc M'N'greater than T. In this 

region, putting je = A  , 

Consider an integral along one of the circumferences CF) 

of radius 5.  
2 p  

We develop i t  on a straight line interior to F P 7  that  is outside 
the circumference having the same center a,, as Cr) and of 

rn 
2 p  2 p  

radius The  radius - being very small compared 

with p,, we shall commit no appreciable error by replacing 

this integral by the majorant function ___ Mrn , denoting by M 

the maximum of I F ( z )  1 in C,, zirr,, being the length of the 
path of integration (we suppress the factors z p  which have 
no influence since p is fixed). 

a,- x 

If one puts x =a,%', 

Mrn - Mr,, I 

a,-% a, I - x  
-__ 

I '  

If the point x is inside the region S(R,p) defined by the 

circle of radius and center A, and by a circle of radius > I 

( 2  for example) which contains within it all the regions we 

are considering, the point x'= will be within the region 

2 p  

a n  
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S ( F ,  A), and by developing ___ I we get the inequality aril 1 %  I - X I  

2 I ~ , ( x ' )  i < [AT 
putting A =  64 ; since 1 a, I is greater than p, we can write 

Pn 

I G n ( x ' )  1 < A''. 

The development (hi') .of (17) is, according t o  (IS), when all 
the terms are replaced by their moduli, less than 

& A A A  

I an I 
But according to  (2) 

1 - 

and if n is large enough 4 > A' since A =  @C and so 1 a, I being 
> Ps, P7i Pn 

A -,Ad MLAA~ < X M A A  e . 
This converges very rapidly to  zero when n, and consequently 
X, increases indefinitely. The  absolute convergence of the 
( M )  series is then demonstrated. 

Now consider two points x1 and x 2  belonging to  I"; we 
can construct two angles A1 and A2 with vertices a t  x1 and x2, 
and such tha t  every half-straight line D1 within A1 meets 
every half-straight line Dz within Az a t  a point x3 within the 
total region considered. We can choose D1 and Dz in such 
a way that  these two straight lines belong to  the same rp 
( p  being chosen large enough, but  afterwards remaining 
fixed). It will then be possible to  calculate the function a t  
x 2  by means of its values and the values of its derivatives a t  
xl, by forming only two ( M )  developments, one with the 

lafl l  
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origin x1 and the other with the origin x3. If the function 
is zero a t  x, as well as all its derivatives, these ( M )  develop- 
ments are identically zero and the function is zero a t  x2. 
From what has been said further back i t  can be concluded 
tha t  if a monogenic function is zero a t  every point of an arc, 
however small (a t  all points of this arc interior to C), when 
there exists on this arc a t  least one point interior to  Fa, a 
limit of points interior to  rt., the function being zero a t  all 
these points is zero, as well as its derivatives, a t  one point 
of Fp a t  least, and consequently identically zero in Ft. 
(whatever p may be) and identically zero in C. These new 
monogenic functions possess then the fundamental property 
of analytic functions. 

IV. T H E  LOGARITHMIC POTENTIAL 

IN the preceding work we have considered singular isolated 
points, corresponding in the physical point of view to the 
hypothesis of an infinite density a t  certain points ; a state- 
ment can easily be given in which the density is everywhere 
finite. 

Consider a regular uniform analytic function zero a t  
infinity. If 2 is a circle such tha t  all the singular points of 
the function are inside 2,  if is any point outside 2, 

the integration being taken in the direct sense. 
Let 21 and 22 be two concentric circles outside 2, let a 

be the center of these circles, p1 and p2 their radii. 
Evidently, if p is contained between p1 and p2, 
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If we multiply this equality by ( ~ ~ - p ) ~ ( p - p ~ ) "  and inte- 

grate between the limits p1 and p2, the expression becomes 

F(r$(p,  - P > Y P  - P,)ndP 
P1 

= _ I _ ~ 2 " F ( u + p e ' " ) ( p , - p ~ - p , ) ' " p e ' " d ~  
27r {- u - p'" 

Put  

~ ~ ( p , - p ) m ( p - p , ) n d r = - i H  2 n  

u + pea" = x + i y  . 
Then 

or putting 
S=F+iv 

the region of integration being the ring contained between 
the circles C1 and Cz. 

We shall define the function $(x,  y )  outside this ring by 
giving i t  the value zero ; the  whole plane can then be taken 
as the region of integration. The  function + ( x ,  y) is bounded 
and continuous in the whole plane ; its derivatives are also 
bounded, a t  least as far as order m on C1 and as far as order 
n on CB ; by an  artifice analogous to  tha t  which we are about 
t o  employ, i t  would be easy to  arrange matters so tha t  all 
the derivatives would be continuous ; in general i t  is enough 
to  know tha t  the derivatives are continuous as far as some 
order, fixed beforehand. 

If the function F(z )  has a singular point a, p1 can be made 
to tend to  zero and if, further, the product pmF(z) remains 
finite for z = a, the formula holds for p1 = o ; if this product 
does not remain finite, in the formula we replace ( p  - pJm 
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by e or e-eP etc. Further, in the case of a unique 
singular point, the circle Cz can be drawn with a radius as 
small as we please, after the circle C1 has been reduced to 
zero. 

It is easy to deduce from this that  every regular analytic 
uniform function, zero a t  infinity, can be represented in every 
region D interior to  its region of existence W, and approach- 
ing W as nearly as we wish, by an expression of the form 

the function 4 ( x ,  y) being bounded and, further, zero a t  all 
points of D (this hypothesis involves the fact that  4 ( x ,  y) is 
zero a t  infinity, since the point a t  infinity belongs to  0). 

Inversely every expression of the form (20) in which 
+ ( x ,  y) is a bounded function, zero a t  infinity, and contin- 
uous in the whole plane, as well as its derivatives (at least 
up to  order m),  represents a function which is monogenic a t  
every point where +(x, y) is zero; for by a simple calcu- 
lation, ae . ae 

- + 2 - = 2  T d E ,  77) .  af: a7 

If the points where 4(x,y) is zero form a Wregion, the theory 
of analytic functions shows us that the function e(!, 7) is 
determined a t  every point of W by the knowledge of its 
values in the neighborhood of any particular point of W. 
The problem of the general determination of the region of 
existence of monogenic functions can then be set as follows : 
to find the conditions which 4 ( x ,  y) should satisfy in order 
that  this fundamental property of e ( E ,  7) should hold ; tha t  
is, tha t  the knowledge of this function on an arc of a curve 
where i t  i s  monogenic allows the calculation of its value in 
the whole region of monogeneity. 
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Consider, for example, the series of rational fractions with 

simple poles. Denoting by C, a circle with center a and 
radius p, and taking a point { outside this circle for which 

When the point { is inside the circle C,, the  integral is 

easily calculated; putting = X  its value is 
/ P I  

3 x2-2 x3 
{ -a  

The function 
JJ,3 (P-r )  dxdy 

ap3 E+iq-x-iy e(E7 7 7 ;  a>= 

is then bounded in the whole plane; outside C, it is mono- 

genic and coincides with the analytic function - e  

{ - a  
I 

Evidently an infinity of functions & ( E 7  7) can be defined 
in a similar way, such tha t  the equation 

holds for every point r = E + iq outside the circle C, with 
center a ,  and radius p,, these functions being moreover 
bounded and continuous in the whole plane ; if the I a, 1’s are 
bounded and if the coefficients A ,  are such tha t  the series 

z 4  Pn 

is convergent, the series 

will be absolutely and uniformly convergent in the whole 
plane, and will be represented by an integral of the form 

e(E, 77) = % ( E ,  77) 

O ( E ,  77)_S+mS+m d X 7  Y W d Y  
(21 1 -m -m E+iq-x-iy’ 
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the function q5(x, y) being the sum of a series everywhere 
convergent whose respective terms are zero outside various 
circles C,; this function $(x,  y) is then zero a t  all points 
exterior to  all these circles and the function e(& 7) is mon- 
ogenic a t  these points. If the radii p n  are replaced by 
epn, e being as small as we please, the function +(x, y) is 
zero in a more and more extended region; i t  remains 
bounded, but  its bound increases indefinitely as e tends to  
zero. We are thus led to  consider a priori  a function such 
as (21) and to  study i t  in the region C where $(x,  y) is zero. 
I t  is natural to  suppose the region C to be simply connected ; 
we limit ourselves to  the case where this region C consists of 
W regions (these regions may reduce to  a zero as a limiting 
case) and of a finite or infinite number of straight lines A, 
in such a way tha t  any two points can be reunited by a polyg- 
onal line with a finite number of sides. 

An important idea is then tha t  of the order of infinity of 
the function +(x, y) in the neighborhood of the straight lines. 
By a calculation analogous to  that  which has just been 
developed, the convergence of the ( M )  developments can be 
shown by making the hypothesis tha t  +(x, y) is not only zero 
upon the straight lines (which is the necessary condition 
of monogeneity) but  tends very rapidly to  zero in the neigh- 
borhood of each straight line. More precisely, if u denotes 
the distance of the point (x ,  y) from the straight line A 
considered, i t  is assumed that  the product 

1 

e"dl+(x, y) 
tends uniformly to  zero as u tends to zero. By means of this 
hypothesis, i t  can be affirmed tha t  the function O ( f ,  7) is 
determined in the whole region of its existence by the knowl- 
edge of its values a t  any point of this region. This hy- 
pothesis contains as a special case the condition satisfied 
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by analytic functions in W regions, for if a straight line is 
within W ,  the function +(x, y) is identically zero a t  all 
points whose distances from the straight line are less than 
a number c, chosen conveniently. 

The region C can be reduced to the real axis ; tha t  is the 
case of the function 

The  Taylor development 

e(E) = q E o )  + ( E  - E ~ ) G ' ( E ~ )  + 
diverges for any value of E ,  but is summable ( M ) ,  whatever 
f o  may be, for every value of f ,  its sum being equal to the 
function e(E). The function e ( f )  will be called quasi- 
analytic. 

Calculations of double integrals of form (21) lead easily 
to expressions of the same form ; similarly in differentiating, 
transforming the double integral by integration by parts, 
it  is only necessary to  assume the existence of the derivatives 
of +(x,  y) exactly to  the order of the derivatives of e(E, 7) 
which i t  is desired to  calculate. To calculate the product, 
if we put 

the product becomes 

or since 
I I I I - - -(- - -), 

(T-z)(r-z1) z- -1  T - z  .r-21 
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if we put 

We can then put in the form of a double integral (24) 
every polynomial P in terms of one or more functions of 
e ( [ ,  7) and their derivatives; if the regions of existence 
have a simply connected common region the differential 
equation obtained by equating P to  zero cannot be satisfied 
in any portion of this region without being satisfied in the 
whole region C. 

V. CONCLUSION 

THE results we are establishing suppress the absolutely 
sharp demarcation established by Weierstrass’s theory 
between real analytic functions and real non-analytic func- 
tions. I do not wish to  develop the consequences of this 
fact from the point of view of the theory of functions; I 
prefer to  insist a little on its importance from the point of 
view of the relations between mathematics and physics. 
It is a necessary postulate in the application of mathematics 
to  experimental sciences, that  sufficiently slight variations 
in the data ought not to  influence the results appreciably; 
for, if i t  were not so, since the experimental data are never 
known with vigorous precision, one could not foresee any 
phenomenon. But  certain mathematical properties are 
a t  least apparently discontinuous, depending for example on 
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the fact tha t  some number is rational or irrational. 
the solutions of the equation 

Thus 

e+ m2y = cos nx 
dx2 

are of a different nature according as the ratio is commen- 

surable or incommensurable. Nevertheless, in this case, if 
m - varies continuously, the solution y varies very little in an 
n 
interval of variation of x large compared with the length of 
the periods. It is not always thus, certainly, bu t  the cases 
in which there is no continuity have been little studied ; the 
eauation 

n 

($)2+ x2 = a2 + 2 Xt 

can be given a$ an example in which the solutions vary dis- 
continuously as X becomes equal to zero ; but this equation 
does not come under the Hamiltonian type. 

It is important to  know whether the properties of harmonic 
functions (that is, of potentials) vary continuously when the 
definition of the functions itself varies continuously. This 
has no place in Weierstrass’s theory ; the introduction of 
quasi-analytic functions restores continuity ; a distribution 
of attracting masses infinitely near to  Ox leads, if the density 
is suficiently slight in the neighborhood of Ox, to  properties 
of the potential on Ox which are not dissimilar from the case 
where the density is zero in the neighborhood of Ox. 

EMILE BOREL. 




