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ABSTRACT 

This thesis includes three chapters on electricity and natural gas prices. In the first 

chapter, we give a brief introduction to the characteristics of power prices and propose 

a mean reversion jump diffusion model, in which jump intensity depends on 

temperature data and overall system load, to model electricity prices. Compared to the 

models used in the literature, we find the model proposed in this chapter is better to 

capture the tail behavior in the electricity prices.  

In the second chapter, we use the model proposed in the first chapter to simulate the 

spark spread option and value the power generations. In order to simulate power 

generation, we first propose and estimate mean reversion jump diffusion model for 

natural gas prices, in which jump intensity is defined as a function of temperature and 

storage. Combing the model with the electricity models in chapter 1, we find that the 

value of power generation is closer to the real value of the power plants as reflected in 

the recent market transaction than one obtains from many other models used in 

literature.  

The third chapter investigates extremal dependence among the energy market. We 

find a tail dependence that exceeds the Pearson correlation ρ, which means the 

traditional Pearson correlation is not appropriate to model tail behavior of oil, natural 

gas and electricity prices. However, asymptotic dependence is rejected in all pairs 

except Henry Hub gas return and Houston Ship Channel gas return. We also find that 

extreme value dependence in energy market is stronger in bull market than that in 

bear market due to the special characteristics in energy market, which conflicts the 

accepted wisdom in equity market that tail correlation is much higher in periods of 

volatile markets from previous literature. 
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Chapter 1 Modeling electricity price by mean 

reversion jump diffusion model 

1.1 Introduction 

Over the last 20 years, the U.S electricity market has experienced deregulation in 

generation and supply activities. One of the important consequences of the 

restructuring has been fundamental changes in the behavior of the electricity prices in 

the spot market. Spot prices have exhibited a high volatility and frequent jumps, 

which have exacerbated risk management problems for power companies. In order to 

better manage the risks and to value financial and real options in the electricity 

industry, a proper mathematical representation of spot prices is needed. 

Before we examine the electricity pricing models, it is helpful to examine the 

properties of electricity price. Three distinctive properties characterize energy market 

prices in general and the presence in the electricity prices in particular: seasonality, 

mean-reversion and the presence of jumps. 

1.1.1 Seasonality  

It is well known that electricity demand exhibits seasonal fluctuations. These mostly 

arise due to changing climate conditions, like temperature and the number of daylight 

hours1. In some countries, where renewable powers including hydroelectricity provide 

a fraction of output, the supply side also shows seasonal variations in generation 

                                                 
1 In the US, electricity is not a very important source in winter indoor heating. In some other countries, 

cold winter temperatures create a much high demand for electricity 
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costs2 . These seasonal fluctuations in demand and supply translate into seasonal 

behavior of electricity prices, spot prices in particular. High demand for cooling in 

summer is especially important in producing higher prices than winter months and 

this is particularly true in ERCOT market. 

1.1.2 Mean reversion.  

Mean reversion, which is also described as anti-persisience in literature, is another 

noticeable feature of electricity prices. This characteristic has been described by many 

authors (Schwartz (1997), Cartea and Flgueroa (2005), Geman Roncoroni (2007)). 

When the price is high, supply tends to increase and demand tends to decrease thus 

putting a downward pressure on the price.  When the spot price is low, supply tends to 

decrease thus providing an upward lift to the price. In sum, the electricity price time 

series is mean reversion toward a level that represents slowly changing marginal cost 

and may be constant, periodic or periodic with a trend. Simonsen (2003) and Weron 

(2002) have used Hurst R/S analysis, Detrended Fluctuation Analysis, Average 

Wavelet Coefficient and periodogram regression methods to verify the claim that the 

electricity price is anti-persistent. For time intervals ranging from a day to almost 4 

years the Hurst exponent was found to be significantly lower than 0.5, indicating 

mean reversion.   

                                                 
2 Even in completely thermal power plants, the need to maintain equipment can produce seasonal 

variations in costs. However, these are chose endogenously and primarily reflect seasonal fluctuations 

in demand rather than an additional seasonal factor 
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1.1.3 Price jumps 

Another pronounced feature of electricity prices is the presence of price jumps. 

Electricity is very difficult and expensive to store3 . Hence the market must be kept in 

balance on a second by second basis.  In a very short period of time, the system price 

can increase substantially and then drop back to the previous level, for instance, when 

the heat wave is over or a generation outage is resolved.  For example, the prices in 

August 2011 in the ERCOT market exceeded several thousand dollars on multiple 

occasions. This spectacular rise was due to unusually high record temperatures.  

Prices return to normal levels after temperatures cooled down. From an economic 

standpoint, this phenomenon can be explained by the graph of the marginal cost of 

electricity supply, called the power stack function (Eydeland and German (1998), 

Geman and Roncoroni (2007)). Knowing the characteristics of the different plants in a 

given region, one can build the supply function by stacking the units in merit order 

from the lowest to the highest marginal cost of production. The part corresponding to 

lowest cost plants (nuclear and coal-fired) is fairly flat or has a small upward slope. 

Then the curve reaches a point at which there is a huge price increase corresponding 

to the activation of very expensive units such as peakers. Finally, the curve becomes 

vertical when the supply capacity is attained. Electricity price is determined by the 

intersection point of the aggregate demand and aggregate supply functions. A forced 

outage of a major power plant or a sudden surge in demand due to extreme weather 

conditions would either shift the supply curve to the left or the demand curve to the 

right. In both cases, if the available capacity is exhausted, the resulting price jumps 

dramatically.  These temporary price escalations account for a large part of the total 

variation of changes in spot prices. Firms that are not prepared to manage the risk 

                                                 
3 the only effective method is water storage in system with hydroelectricity based on reservoirs 
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arising from such price spikes can see their earnings for the whole year evaporate in a 

few hours. We have to stress that the price of electricity is far more volatile than that 

of other commodities normally noted for extreme volatility. According to Weron 

(2005), Treasure Bills and Notes have a volatility of less than 0.5%, stock indices 

have a moderate volatility of about 1-1.5%, commodities like crude oil or natural gas 

have volatilities of 1.5-4%, and electricity exhibits extreme volatility up to 50%.  

Many attempts on the modeling of power price process. Research can be roughly 

divided into two strands: statistical models and fundamental models. In fundamental 

models, electricity prices are obtained from a model of the expected production cost 

of electricity and the expected electricity consumption quantity. One approach is to 

calculate the theoretical equilibrium prices for the whole market. For example, Fleten 

and Wallace (1998), Eydeland and Geman (1998), Kosecki (1999), Boogert and 

Dupont (2007). 

By contrast, the statistical approaches model electricity spot prices directly by using 

the standard financial econometric tools. The main tools in the latter case are the  

jump diffusion model and the Markov switching model. Parameters of the price 

processes are estimated from the available historical market data. Some recent 

examples are found in Lucia and Schwartz (2002), Deng (1998), Kamat and Oren 

(2001), Cartea and Figueroa (2005), Weron (2005), Seifert and Uhrig-Homburg 

(2007).   

Some researches try to incorporate ideas from both approaches. These hybrid 

approaches can be divided into two categories. The first group models use the 

framework of fundamental models with the fundamental components driving spot 

prices assumed to be stochastic process. For example, Skantze et al (2004) describe 

electricity prices by an exponential function of demand and then assume that demand 
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is a mean-reverting process. Kanamura and Ohashi (2007) formulate the supply 

function as a hockey-stick shaped curve and assume that the demand is a mean-

reverting process. Vehvilainen and Pyykkonen (2005) present a market equilibrium 

model and assume that the fundamentals driving spot price are stochastic processes. 

The second group models use the framework of the statistical models but assume that 

the parameters in the model are functions of some fundamental factors. For example, 

Mount et al (2005) present a regime-switching model by making the transition 

probability a function of supply and demand.  

The research in this chapter follows the literature based on statistical models with 

parameters reflecting fundamental variables. Specifically, the mean reversion jump 

diffusion model is used to model the electricity prices. The mean reversion jump 

diffusion model has been widely used to electricity prices. Schwartz(1997), 

Pilipovic(1998), Schwartz and Smith(2000), and Lucia and Schwartz(2002) 

concentrating on the mean-reverting behavior, long-term uncertainty, and seasonality 

in electricity prices. Kaminski(1997), Clewlow and Strickland (2000), and Deng 

(2000) were among the first considering jump components in electricity price models. 

A large part of the literature uses a Poisson process to describe jumps in the time 

series of prices.  For example, Deng (2000), Escribano, Pena, and Villaplana (2002), 

Villaplana (2003), Cartea and Figueroa (2005) model the jump behavior by using a 

Poisson process with constant jump intensity. However, there are good reasons to 

conjecture that the jump probability is not constant. The spot price is the price that set 

the market demand for power equal to the supply of power. Prices change over time 

due to shocks in the fundamental factors driving supply and demand. For example, 

temperature is an important determinant of demand for power because of air 

conditioning and heating. Unexpected strong changes in weather can cause price 



 6

spikes, while extreme weather situations can result in very volatile and jumpy prices 

periods due to a high load level. It is not surprising that the empirical literature has 

found that the occurrence of price spikes varies across time. For example, Escribano 

et al. (2002) and Knittle and Roberts (2005) show that, for a number of electricity 

markets, the intensity parameter of the spiking process in electricity  prices exhibit 

seasonal dependence. Kanamura and Ohashi (2007) also observe a seasonal 

dependence in the transition probabilities between spike and non-spike regimes due to 

systematic fluctuations in demand. Therefore some non-constant jump intensity has 

been used in literature.  For example, Escribano, Pena, and Villaplana (2002), 

Villaplana (2003), Knittel and Roberts (2005) allow jump intensity to vary by the time 

of season. Seufert and Homburg (2007) define jump intensity to be another mean 

reversion diffusion process. Geman and Roncoroni (2006) allow intensity function to 

be a convex function, which can capture some seasonality in price spikes. The models 

with non-constant jump intensity can capture some price jump characters. 

Nevertheless, such models can be improved. In this chapter, we will define jump 

intensity as a function of temperature and load. It is first time in the literature that 

jump intensity is defined as a function of some exogenous variables4.  

1.2 Model and Estimation 

1.2.1 Model 

Given the basic characteristics of the spot electricity prices, we will model prices 

using mean reversion jump diffusion model, in which jump intensity being a 

                                                 
4 Transmission line outage is also very important factor to impact the price spikes, from my knowledge, 

there is no literature considering how this factor impact the power prices mainly due to the lack of data. 

Also it is hard to build a model to simulate transmission outage. 



 7

nonlinear function of temperature and load. In order to enhance the robustness and 

calibration of the model parameters, the logarithmic price will be used.  As in Lucia 

and Schwarz (2002), the log price can be written as: 

)()())(ln( tstgtp +=          (1-1) 

such that the price can be represented as  

)()()( tsetGtp =          (1-2) 

where )()( tdetG =  is a deterministic function representing the predictable seasonal 

trend of the price dynamics around which spot prices fluctuate. It is well known that 

daily electricity prices show seasonality as well as holiday and other specific effects.  

In this paper, the deterministic function will be defined as: 
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Here Ny={2003,2004,2005,2006,2007,2008} is a set of different years and 1i is a 

indication function. 1i(t) =1 if t belong to year i, otherwise 0. These variables 

therefore can be used to account for time trend and business cycles. Different year has 

different level of demand due to economic situation, which might lead to different 

level of prices.  Before we can define cdd_normal and hdd_normal, we should first 

define CDD and HDD. CDD represents cooling degree days and it is a very popular 

variable used to measure the effect of temperature. HDD represents heating degree 

days. Specifically, these variables are defined by  

CDD(t)=Max(0,Tave(t)-650F)    

HDD(t)=Max(0,650F-Tave(t))    

where Tave(t) is the average of daily maximum temperature and daily minimum 

temperature. For example, on a hot summer day when the Tave is 90F, the CDD is 25 

and the HDD is zero. cdd_normal represents historical normal cooling degree days 
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and it is defined as the average cdd of the previous 30 years on day t . hdd_normal 

represents  historical normal heating degree days and it is defined as the average hdd 

of the previous 30 years on day t. The temperature data can be downloaded from LIM. 

S(t) is a stochastic process whose dynamics are given by 

)()()()( tdqtdwdttstds ξσκ ++−=       (1-4) 

 If we combine the deterministic component and stochastic component together, the 

mean reversion jump diffusion model can be written: 

)()()()(()( tdqtdwdttxttdx ξσμκ ++−=       (1-5) 

 where  

)()(1)( tg
dt

tdgt +=
κ

μ  

where  x(t)=ln(p(t). Many paper in literature use this combined form. For example, 

Cartea and Figueroa (2005), Geman and Roncoroni (2006). 

s(t) is a zero level mean reverting jump diffusion process for the underlying electricity 

price. The reason that a zero level mean reverting process is assumed is that we have 

deseasonalized the data first, and we assume that the price will revert to the 

deterministic part in the long run. The parameter к is the speed of mean reversion and 

represents the average variation of the price per unit of shift away from the mean 0 

per unit of time. If the spot price is below the mean reversion level, i.e. here s(t) is 

positive, then the mean reversion component is negative, thus exerting an upward 

influence on the spot price. If the spot price is above the mean reversion level, i.e. 

here s(t) is negative, then the mean reversion component is positive, thus exerting a 

downward influence on the spot price. Over time, this results in a price path that drifts 

toward the mean reversion level, at a speed determined by the mean reversion rate. 

The inverse of κ gives the actual time scale over which the mean reversion occurs. For 
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example a mean reversion rate of 2 corresponds to a commodity whose price reverts 

to its expected value over the course of 6 months (i.e. ½ years). 

The process W is a standard Brownian motion representing unpredictable price 

fluctuations and is the first source of randomness in our model. The constant σ defines 

the volatility attached to the Brownian shocks5. 

 dq(t) is a Poisson process such that dq(t) =1 with probability λ(t) and dq(t)=0 with 

probability 1- λ(t), where λ(t) is the intensity or frequency of the process. Jump size ξ 

is normally distributed with mean μj, and standard deviation σj.  We assume that the 

wiener process, Poisson process and the jump size are mutually independent. 

In this chapter, jump intensity λ(t) is defined  as follows: 

)___exp(1
)___exp(

)(
543210

533210

deviationloaddeviationhdddeviationcddhddcdd
deviationloaddeviationhdddeviationcddhddcdd

t
λλλλλλ

λλλλλλ
λ

++++++
+++++

=
 

(1-6) 

We have explained HDD and CDD in the previous part. cdd_deviation represents 

deviation from the historical normal cdd and hdd_deviation represents deviation from 

the historical normal hdd. Load deviation is defined as the residuals from the 

regression of load on historical normal cdd, historical normal hdd, weekend holiday 

and time trend. The data and variables will be explained in more detail in the later 

section. 

Figure 1.1 shows the shape of the jump intensity function, it shows that λ(t) varies 

from zero to one6. This function has been used by Mount, Ning and Cai (2006) to 

define the transition probabilities between two price regimes.  

 

                                                 
5 In many literatures, σ is also defined as a stochastic factor or some mathematical functions. In this 

chapter, we define it as a constant since we do not want to make the model and estimation too 

complicated. Our main goal is to investigate how temperature and load impact price jumps. 

6 We want the jump probability changes from 0 to 1. 
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Figure 1.1 Jump Intensity Function 

In order to compare our model with models used in the previous literature, we also 

consider two other cases: a constant jump intensity and a jump intensity that is a 

function of seasonal dummy variables. Jump intensity as a function of seasonal 

dummy variables has been considered in the paper written by Escribano et al. (2002) 

and Knittle and Roberts (2005). 

fallsummerspringt 3210)( λλλλλ +++=      (1-7) 

We make some adjustments to equation (1-7), and we redefine it equation 1-8 because 

we want it to be consistent with the model we propose in this chapter. 

)exp(1
)exp()(

3210

3210

fallsummerspring
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λλλλ
λλλλλ
++++
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=     (1-8) 

1.2.2 Estimation 

OLS is used to estimate the parameters in the deterministic function. We take natural 

logarithms of the original prices, and then regress on cdd_norm, hdd_norm, year, 

weekend, holiday, an interaction term between year and cdd_norm, interaction term 

between year and hdd_norm. By the regression, the parameters in the deterministic 
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part can be calibrated. The residuals from the regression are defined as the stochastic 

components, which are then modeled as a mean reversion jump diffusion process.. 

In order to calibrate the mean reversion jump diffusion process, I will first explain 

how to calibrate the mean reversion diffusion model. The methodology has been used 

by Knittle and Roberts (2005) and is described in the following. 

Suppose the stochastic part is driven by the diffusion process without jumps 

S
tstt dWdtSdS σκ +−=

       
(1-9) 

By integration we can obtain: 

∫ −− +=
t

tst sdbesets
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(1-10) 

which can be written as 
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white noise with variance  2
ησ equal to 2/)1( 22 κσ −− e , by Ito isometry. Thus, prices 

are Markovian with a Gaussian transition density. The conditional mean is 11 −tpβ  and 

conditional variance is 2
ησ . The loglikelihood function for the discrete model is: 
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To estimate the discrete time model, we condition on the first observation. Estimates 

of the continuous time parameters (к, μ, σ) function may be obtained using several 

methods. One approach, given maximum likelihood estimates of the discrete time 

parameters, simple algebra using the mappings between the two sets of parameters 

will produce maximum likelihood estimates of the continuous time parameters by the 

invariance property of maximum likelihood. Asymptotic standard errors many be 
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obtained using the delta method, which is introduced in the Appendix B.  Another 

approach is to directly maximize the likelihood function with respect to the 

continuous time parameters as opposed to the discrete time parameters. Because of 

the one-to-one mapping between the discrete time and continuous time parameters, 

both approaches should yield equivalent estimates for forecasting purposes. In the 

chapter, the first approach is used.  

Empirical implementation of the model with jumps in the mean reversion process is 

more difficult.  We follow the approach in Ball and Torous (1983), who approximate 

this model with a mixture of normals. The intuition behind such a model can be 

explained as follows: during the observation interval, a price jump occur while with 

probability (1- λ), no price jump will occur. This is equivalent to drawing the price at 

time t from a normal distribution with mean β1s(t-1) and variance 2
ησ and drawing the 

price from a normal distribution  with mean β1s(t-1)+μj and variance 2
ησ . Knittel and 

Roberts (2005) use the Ball and Torous approach to estimate the parameters of the 

jump diffusion model for electricity price. The likelihood function can be written as 

follows: 
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The original parameters from the mean reversion jump diffusion models can be 

deduced from the parameters of the mixture of normal distributions.  

In our case, λ(t) is a function of temperature and  load. The log likelihood function is 

the same as equation (1-12) and the function λ(t) is used to replace λ. For the 

estimation convenience purpose, we can write the equation 1-13 as: 
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where m s volatility multiplier and it represents the proportional increase in volatility 

when a jump happens. 

1.3 Data 

Most literature studying USA electricity prices uses data from PJM since it is the most 

liquid and the largest market in the USA.  None of them use the data from the ERCOT 

market. In this research, ERCOT wholesale real time market price will be used. 

According to my knowledge, this is the first time that the mean reversion jump 

diffusion model has been used to model the ERCORT wholesale real time data7. The 

ERCOT wholesale market consists of an Ancillary Services Market and a 

Replacement Reserve Market. In this chapter, the analysis centers on the real time 

market. Historically, the ERCOT real-time energy market price operated mainly as a 

power system reliability tool and accounted for only 2% of the electricity flowing on 

the power grid. Energy was traded between market participants through bilateral 

contracts. In other words, prior to the real time market clearing, market participants on 

the demand side were required to determine the way to satisfy their load, either 

through bilateral contracts or through self-generation. Energy transacted in the 

ERCOT real time market was for system reliability purposes solely caused by 

unanticipated fluctuations in demand or generation output and transmission network 

congestions. In November 2002, ERCOT modified its market rules making entry into 

real time energy market easier—Phase I of Relaxed Balanced Schedule, no longer 

required market participants to schedule the exact amount of energy to meet its load, 

but resources still need to be scheduled accurately as the planned generation. This rule 

                                                 
7 the EROCOT is market where natural gas plays a very important role. In the later chapter, we will 

simulate power generation value and analyze the extremal dependence between gas and power 
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make possible for market participant to purposely purchase energy from the real time 

market to satisfy its own load. In July 2004, ERCOT modified the real time energy 

market rule a second time. Phase II of the Relaxed Balanced Schedule further 

removed market entry barriers and granted maximum participating freedom. In 

addition to Phase I, Phase II allows market participants to purchase energy from 

ERCOT for supplying energy sells in bilateral forward contracts, or providing for its 

load. The implementation of the full version of the Relaxed Balanced Schedule has 

effectively transformed the ERCOT real time energy market into a spot energy market. 

The ERCOT real time market now provides a solid trading platform for an average 

3%-5% of total electricity consumption. With the passage of the time, the ERCOT 

real time energy market will become more important. There are 5 big zones in the 

ERCOT market: Houston, North, Northeast, South and East.  

Figure 1.2 shows daily average prices of these 5 big zones from 01/01 2002 to 

05/14/20098 . From the graph, there is strong evidence of mean reversion and of 

spikes. Although there are a lot of spikes, the price does not go up and down forever 

and it finally reverts to its expected value. 

 

                                                 
8 These are nominal prices, so inflation could give a trend over time.  
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Figure 1.2 Average Daily Price In ERCOT Market 

 

Figure 1.3 shows the log prices. There is strong evidence of seasonality. In the 

summer, prices are higher due to high demand for air conditioning in hot weather. 
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Figure 1.3 Logarithm of Daily Average Electricity Price 

Temperature data was taken from LIM, although the original data source is the 

National Climatic Data Center (NCDC). The data set consists of daily Tmin and daily 

Tmax. The average of Tmin and Tmax is taken as daily average temperature.  The 

cities with population over 50,000 in Texas are selected. Figure 1.4 shows the daily 
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average temperature in Texas. From the figure, we can see that HDD is more volatile 

relative to historical normal hdd than CDD relative to historical normal cdd. 
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Figure 1.4 Plot of Texas Temperature 

 

System load is very important to the electricity prices since it determines the marginal 

cost of generation and the likelihood of transmission constraints. With everything else 

held constant, an increase in system load level shifts the demand curve rightward, 

leading to a higher market equilibrium price; a decrease in system load level shifts the 

demand curve leftward, leading to a lower market equilibrium price. A positive 

relationship thus should be anticipated between price and real-time system load.  

System load data is taken from the ERCOT website. Figure 1.5 represents the plot of 

system load. There is strong evidence of seasonality with highest consumption in 

ERCOT occurring in July and August.  From Figure 1.5, we can see that system load 

is very stable. 



 17
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Figure 1.5 Plot of ERCOT System Load 

A related variable, load deviation, is included in the jump density function. Load 

deviation is defined as the residuals from a regression of load on historical normal cdd, 

historical normal hdd, weekend holiday and time trend. Figure 1.6 plots the plot of the 

load deviation. Although the original series has been deseasonalized, there still seems 

to be some trend in deviation.  

 

 

Figure 1.6 Plot of Load Deviation 
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1.4 Results  

In this section, we will look at the estimation results.  As noted in the above section, 

OLS is used to estimate the parameters in deterministic component, while maximum 

likelihood method is used to estimate the stochastic component. Table 1.1 shows the 

estimated parameters from deterministic component. Historical normal CDD (cooling 

degree days) has a positive effect on the electricity price as expected since more 

power is used in summer in Texas. As a result, higher cost generations are called and 

the prices increase. Conversely, historical normal HDD (heating degree days) has a 

negative effect since less power is used in winter.  Holidays and weekends similarly 

have a negative effect on price since people use less electricity on weekends and 

holidays. All the yearly dummy variables are significant, i.e there do exist significant 

differences from one year to the next perhaps because of business cycles. When 

economy is good, more power will be used and the price is higher. All the interaction 

variables between year and temperature except the interaction term between 2008 and 

CDD are significant. The interaction term between 2008 and cooling degree days are 

not significant because we only has part of 2009 data, therefore, there are no 

difference between year 2008 and year 2009 if we use 2009 as base year. 
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lnelec Coef. Std. Err.
_cons 3.02152*** 0.07306

cdd_norm 0.05233*** 0.01562
hdd_norm -0.01994*** 0.00680
weekend -0.08651*** 0.01927
holiday1 -0.12877** 0.05383
year2003 0.78584*** 0.09450
year2004 0.96442*** 0.08672
year2005 1.29162*** 0.08678
year2006 0.96036*** 0.08674
year2007 1.107212*** 0.08687
year2008 1.10132*** 0.08684

cdd_norm2003 -0.04657*** 0.01626
cdd_norm2004 -0.05034*** 0.01607
cdd_norm2005 -0.03228** 0.01607
cdd_norm2006 -0.03448** 0.01606
cdd_norm2007 -0.04631*** 0.01606
cdd_norm2008 -0.01681 0.01606
hdd_norm2003 -0.0554*** 0.00942
hdd_norm2004 -0.04852*** 0.00818
hdd_norm2005 -0.04802*** 0.00818
hdd_norm2006 -0.02206*** 0.00820
hdd_norm2007 -0.03739*** 0.00824
hdd_norm2008 -0.04354*** 0.00823  

Table 1.1 Coefficients of Deterministic Component 

Note:  
Three asterisk(*) denote statistical significance at 1% level. 
Two asterisk(*) denote statistical significance at 5% level. 
One asterisk (*) denote statistical significance at 10% level. 
 
Figure 1.7 shows the deterministic and stochastic components of electricity price. By 

using the deterministic function, data is deseasonalized very well and the trend 

disappears. Table 1.2 shows the summary statistics of the data used in this paper. 
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electricity price

logarithm of 
electricity 
price load cdd hdd

deseasonalized 
electricity price

cdd 
deviation

hdd 
deviation

Mean 67.56 4.06 39508.50 7.92 3.84 0.00 0.76 -0.41
Standard Error 1.21 0.01 194.73 0.17 0.15 0.01 0.06 0.10
Standard Deviation 55.14 0.51 8883.28 7.68 6.76 0.37 2.86 4.67
Sample Variance 3040.69 0.26 78912643.80 58.99 45.63 0.14 8.19 21.80
Kurtosis 82.91 2.63 -1.01 -1.50 2.63 4.64 1.45 4.24
Skewness 7.13 0.65 0.40 0.31 1.84 0.61 0.60 0.08
Minimum 4.77 1.56 8136.50 0.00 0.00 -2.16 -9.07 -18.96  

Table 1.2 Summary of the data 
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Figure 1.7 Plot of Stochastic component of Electricity Price 

Table 1.3 shows the estimated parameters of the stochastic component. We estimated 

three models. Model 1 is a mean reversion jump diffusion model with constant jump 

intensity. Model 2 is a mean reversion jump diffusion model with jump intensity 

assumed to be a linear function of dummy variables seasonality. Model 3 is the model 

we proposed in the earlier section. We can see that CDD and cdd_deviation have 

positive effects on the jump intensity as we expected. HDD has a negative effect on 

the jump intensity, but it is not significant. hdd_deviation has a positive effect and it is 

significant at 10% percent level. It is surprising that load_deviation is not significant 

although it has a positive sign. It implies that deviations in load apart from those due 

to weather are not significant. This reflects the result that temperature deviations 

could account for most of the load deviations. Load is not included in the jump 
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intensity function because the high correlation between load and temperature lead to 

the estimation failure of the maximum likelihood method. 
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Coefficients Std.Error Coefficients Std.Error Coefficients Std.Error
к(mean reversion rate) 228.82 238.53 226.54

σ(volatility) 6.28 5.86 6.07
β(AR(1)) 0.42674*** 0.0193 0.41669*** 0.0197 0.4306*** 0.0191

σ1 0.22782*** 0.0088 0.21088*** 0.0090 0.22072*** 0.0087
volatilitiy multiplier 7.5314*** 0.7420 7.549*** 0.6878 7.482*** 0.7111

μj(mean of the jump size) 0.079001** 0.0351 0.050573** 0.0276 0.073718** 0.0319
lamda0(constant in the intensity function) 0.2217*** 0.0292 (-0.81755)*** 0.2399 (-0.7726)*** 0.2828
lamda1(the effect of cooling degree days) (0.055798)*** 0.0176
lamda2 (the effect of heating degree days) -0.03 0.0224
lamda3 (the effects of deviations from the 

cooling degree days) 0.15969*** 0.0475

lamda4 (the effects of deviations from the 
heating degree days) 0.041121* 0.0254

lamda5 (the effects of deviations from the 
load) 1.42 1.4191

lamda6(the effects of spring) -0.3 0.2336
lamda7(the effects of summer) (0.7868)*** 0.2753

lamda9(the effects of fall) 0.42581** 0.2333

Paremeters
Model 1 Model 2 Model 3

 

Table 1.3 Coefficients of Stochastic Component 

Note:  
Three asterisk(*) denote statistical significance at 1% level. 
Two asterisk(*) denote statistical significance at 5% level. 
One asterisk (*) denote statistical significance at 10% level 
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Figure 1.8 shows the jump intensities from these three models. We can see the jump 

intensity from model 3 better match as the price data than the other two models. In 

model 1, jump intensity is a constant and obviously it can not capture the 

phenomenon that jumps happen more in summer than in winter. Model 2, in which 

jump intensity is defined as a function of seasonality, still can not capture the fine 

structure of the price spikes.  

Jump intensity and deseasonalized electricity price - Model 1
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(a) 

Jump intensity and deseasonalized electricity price - Model 2
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(b) 

Jump intensity and deseasonalized electricity price - Model 3
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(c) 

Figure 1.8 Plot of Jump Intensity 
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In order to compare which model better describes electricity prices, we will compare 

the ability of these models to capture the tails of the distributions. The ability to 

capture the tail behavior or the price spikes is very important for risk management and 

the valuation of some options. Without including those sudden price spikes, standard 

VaR models do not accurately account for the possibility of extreme events. As a 

result, they can not predict the risk accurately. Correctly capturing price spikes is 

especially important for valuing the deep out of money options. Out of the money 

options can be found in many types of electricity contracts, not just formal options 

contracts. For example, forward contracts that contain interruptible and pass-through 

clauses, which only kick in at high electricity prices. We need to model price spikes 

directly in order to price and hedge them effectively. In order to appropriately price 

and hedge certain explicitly electricity options, we also need to use a model that 

allows for sizable jumps that could suddenly bring the option into the money. 

Modeling price spikes accurately is also important for investors in generation assets, 

particularly peaking plants with high running costs whose value might be totally 

dependent on the existence of price spikes that would allow then to both recover their 

high marginal costs and recoup their fixed costs over very short and relatively 

infrequent running periods.  

The idea used in this section is comparable to VaR calculations in ordinary financial 

investment situations, except that here we talk about the probability of a large price 

increase instead of any specific (portfolio) value that is at risk. A mean reversion 

jump diffusion process can be approximated by a mixture of normal distributions as 

shown in the previous section. Thus, conditional tail quantiles are easily estimated by 

the following formula: 

)(1))1(,;()(),;())(1( 11 tclsdmsstdssst t

Q

jtttt

Q

t −=+++− ∫∫ ∞− −−∞− ηη σμβφλσβφλ
 
(1-14) 
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where cl is the confidence level (97.5% or 99%) and φ(.) is the normal probability 

density.   Equation 1-13 can be solved by Newton’s method. By comparing these 

conditional tail quantiles with the actual prices at each point, and counting the number 

of prices that are larger than the estimated tail quantile, we can get a number that 

represents the accuracy of the estimated models. For instance, the theoretical number 

of exceedences of a 99% tail quantile over a time period, that includes 2000 data, is 

20 (2000*0.01=20).  Generally speaking, model 3 performs better than model 1 and 

model 2 especially for the most extreme events while model 2 performs worse than 

the other two models. 

 Table 1.4 presents the number of exceedences of the tail quantiles for different tail 

probabilities. If a particular method works well, then the empirically observed number 

of exceedences should be close to the theoretically expected.  

 Probability Model 1 Model 2 Model 3 Expected
0.995 14 15 13 11.075
0.990 20 24 21 22.150
0.950 114 105 109 110.750  

Table 1.4 In-sample evaluation of estimated tail quantiles at different probabilities by different 

models (number of exceedences).  

In order to evaluate the different approaches to calculating tail quantiles in a more 

realistic way, we turn to the models’ out-of-sample performance. This idea is 

motivated by the backtesting method for VaR used in McNeil and Frey’s book (2004) 

and Bystrom (2005). To do so, we have chosen to divide the sample into an 

estimation period and an out-of-sample test period. 

 The estimation period data is used to estimate the model, then the conditional 

quantile of 95 percent, 99 percent and 99.5 percent for the next day are calculated 

based on the pervious information. There are 2215 observations spanning from 

04/16/2003 to 05/14/2009, and the test period consists of 1000 days. Therefore the 
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length of the estimation data is 1215. Theoretically, we should roll the estimation 

period one day forward. In other words, we should reestimate the models each day.  

However, due to the long time used in the parameter estimation procedure, the 

parameters in the model are updated every 100 days instead of every day. For 

example, the parameters are estimated from the first 1215 data points to calculate the 

following 100 days conditional quantiles of 95 percent, 99 percent and 99.5 percent. If 

the actual price is larger than the estimated quantiles, we call it a violation. We count 

the numbers of the violations for each quantile. The ratio of number of such violations 

to the total number of observations in the backtesting period should be close to 1-α 

since the quantile at level α is a number that the price can exceed with 1-α probability. 

The results from the out-of-sample evaluation are displayed in Table 1.5. The general 

picture from the in-sample study very much remains. Again it is the model 3, in which 

jump intensity is defined as a nonlinear function of HDD, CDD, hdd_deviation, 

cdd_deviation, given results closer to the expected ones.   

Probability Model 1 Model 2 Model 3 Expected
0.995 12 9 7 5
0.990 23 25 18 10
0.950 115 108 97 50  

Table 1.5 Out of sample test results 

Table 1.5 presents the counting violations for each model. The last column is the 

expected number of violations, which can be calculated by multiplying the number of 

observations by the quantile level. For example, the true number of violations for the 

95% quantitle can be calculated as the multiplication of 1215 and 5%. From the table, 

we can see that model 3,  in which jump intensity is defined as a function of cdd, hdd, 

cdd_deviation, hdd_deviation and load deviation, performs better than the other two 

models. 
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1.5 Conclusions 

In this chapter, we have modeled electricity prices using mean reversion jump 

diffusion models. In order to capture the fact that price spikes are more likely to 

happen in summer, the jump intensity is defined as a function of cooling degree days, 

heating degree days, deviation from cooling degree days and deviation from heating 

degree days. We find that cooling degree days and deviation from cooling degree days 

are very important to explain the change of price jumps. Compared to the other two 

models used in the literature, the model proposed in this chapter is better able to 

capture the tail behavior of the electricity price distribution. We also notice that 

temperature can not explain all jumps. The model that includes capacity data and 

transmission outage should be further investigated in the future.  
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Chapter 2 The Spark spread option and the value 

of a power plant 

In the last chapter, we described the characteristics of electricity prices. They display 

mean reversion, seasonality and the presence of jumps. We proposed a mean 

reversion jump diffusion model, in which jump intensity is defined as a nonlinear 

function of cooling degree days, heating degree days, deviation from cooling degree 

days, and deviation from heating degree days, to capture these characteristics. In this 

chapter, I will use the model proposed in the previous chapter to simulate spark 

spread options and to value a gas fire power generation plant. 

2.1 Introduction 

The spark spread, which is the intermarket spread between electricity and gas prices, 

has emerged as the primary cross-commodity transaction in energy markets. This 

spread is interesting because it can be used to determine the economic value of 

generation assets that are used to transform natural gas into electricity. The traditional 

storage based, no-arbitrage methods of valuing commodity derivatives are unavailable 

due to the fact that power can not be storable. The spark spread measures the 

difference between the costs of operating a gas-powered generating unit, given by the 

heat rate of the plant and the natural gas price, and the revenues from selling power at 

the electricity market price. In day-to-day running, the plant operator generally 

operates a particular gas unit only if the electricity spot price is greater than the cost of 

operating that unit. Even it the unit owner has a long term contract, if the generating 

profit is negative, it would be not make sense to burn gas to obtain lower-valued 

product electricity. One would instead sell gas in the market, buy power, and stop 
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running the plant. The flexibility of being able to turn the plant on and off, based on 

market prices, represents a real option for the asset owner. The method to value a 

power generation unit using a real options approach and the notion of a spark spread 

has been adopted by Gardner and Zhang (2000), Deng, Johnson and Sogmonian (1999) 

and Roncoroni (2006). However, none of the above research can model jumps in the 

power price and gas price very well. As noted in the last chapter, modeling electricity 

price spikes accurately is very important for generation assets. This is particularly true 

for peaking plants with high running costs whose value might be totally dependent on 

the existence of price spikes that would allow them to both recover their high 

marginal costs and recoup their fixed cost over a very short running period. Typically, 

power stations are valued by calculating the discounted value of expected future 

cashflows, or in more sophisticated analysis the option value obtained using 

discounted present value methods or lognormal based option models. However, recent 

sales in the USA suggest that purchasers have not only taken the option approach to 

valuation, but have included expectations of price spikes in their valuation of the 

options. 

 The plant’s heat rate, which is defined as the number of British thermal units (Btus) 

of the input fuel (measured in millions) required in order to generate one megawatt 

hour (MWh) of electricity, measures the asset’s efficiency.  The lower the heat rate, 

the more efficient the facility is. Using current technology, the best heat rates are as 

low as 6000, which means 6000 Btu is needed to generate one KWh power. This 

performance can be achieved by means of Combined Cycle Gas Turbine (CCGT) 

plants or with cogeneration plants. A plant with a heat rate greater than 

10MMBtu/MWh is commonly considered a peakload unit.  
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The spark spread associated with a particular heat rate is defined as the current price 

of electricity less the product of the heat rate and the current fuel price9.  It can be 

written as: 

Spark Spread=Power Spot Price-Operating Hr*Natural Gas Spot Price 

When the spark spread is positive, the plant is run, and on operating profit is earned. 

When the spark spread is negative, the plant is shut down. The plant owner then 

makes a profit by selling natural gas and buying power in the market. Thus the lower 

the heat rate, the lower the fuel price, and the higher the electricity price, the larger 

the spark spread. The profit of CCGT can be modeled as an option with a payoff.  

)0,max( ge PHrP ×−=π                (2-1)    

where π denotes the profit per MWh, Pg is the spot price of natural gas in $/MMBTU, 

Pe represents spot price of electricity in $/MWh, and Hr is the heat rate expressed 

MMBTU per MWh. 

We can rewrite Equation (2-1) as follows: 

}0,)max{(0,)(max gg
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⎪
⎨
⎧

×−=π      (2-2) 

where MHr represents the “market heat rate” and it is given by the ratio between 

electricity price and gas price. 

The equation (2-2) shows the financial interpretation of a plant as an option. The 

market heat rate represents the underlying asset and the operating heat rate is the 

strike price. When the power plant is in the money, the market heat rate is above the 

operating heat rate of the plant. The power plant operator can exercise the option by 

                                                 
9 This implicitly assumes all other costs relate to the capacity of the plant but not its operational profits 

on operation are needed to cover remaining cost in practice, there still be additional no-fuel variables 

costs. 
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selling power and buying gas at the market spot price. Conversely, if the market heat 

rate goes below the operating heat rate, the operator shuts the plant down rather than 

incur a loss. Therefore, the gas power plant is seen as a portfolio of call options 

written on gas and electricity spot prices. Consequently, the power plant value can be 

computed as the expected discounted payoff of spark spread options.  

 )(
1

0 i
rt

n

i

iieEvalueplantpower π−

=
∑=

      
(2-3) 

πi   is the profit at time i,  which can be positive or zero according to the value of the 

spark spread,  r is the risk free rate of interest. Quotations for certain maturities up to 

10 years are recorded on the Bloomberg system. For simplicity purpose, we make an 

assumption that the risk free discount rate is 12% per year. 

2.2 Pricing Model 

The valuation of spread options requires one to specify models for the random 

behavior of the underlying assets. In the case of a spark spread, these are the price 

processes for natural gas and electricity. 

For electricity prices, I will use the model estimated in the previous chapter. The 

model has been introduced in the previous chapter. Here we add a time trend b1t in the 

deterministic function and remove the yearly dummy variables, since we will produce 

a long term simulation and we can not calibrate the coefficients of the future yearly 

dummy variables. Since we only have weekday price for gas, in order to simulate 

power and gas in a pair, weekend electricity data will be removed. 

Therefore, the deterministic function can be written as: 

 holidaybtnormhddbtnormcddbtbbtd eeeeee
e 43210 )(_)(_)( ++++=  (2-4) 

The stochastic component is defined the same as in the previous chapter. 
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eeeeeee tdqtdwdttstds )()()()( ξσκ ++−=      (2-5) 

in which jump intensity is defined as  
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(2-6) 

Following the results in the previous chapter, the load_deviation has been dropped 

from equation (2-6) since it is not statistically significant. Table 2.4 shows the 

estimated parameters used in the spark spread options simulation. Compared to the 

results in the previous chapter, there is no big difference among the deterministic 

parameters. In the previous chapter, the deviations from HDD is significant at 10% 

level while in this chapter, it is statistically significant at 5% level. In both chapters, 

CDD and deviation from CDD are statistically significant at 1% level, while HDD are 

not significant. 

2.2.1 Gas Price Model 

Natural gas plays a very important role in energy market. It supplies almost a quarter 

of the energy need in North America. Since natural gas is the cleanest burning fuel, 

the legislated controls on air pollution give it further potential for growth. In Texas, 

natural gas plays a very important role in power generation. 20% of U.S total 

generation is gas-fired. In the past decade, almost 95% of new plants have been gas-

fired.  In ERCOT, 42% of power generated is gas-fired. ERCOT has the highest 

dependency on natural gas than any other region in electricity industry. 

Many articles in the literature have discussed the properties of natural gas prices ( Xu 

2004).  Like electricity prices, gas prices also have the following properties: mean 

reversion, seasonality and price jumps. Mean reversion means that the natural gas 

price oscillates around an equilibrium level from the long term point of view. When 

prices are far away from the equilibrium level, they tend to move back to that level. In 
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the long run, the equilibrium price is determined by the cost of production. 

Seasonality is primarily from demand fluctuations which are driven by recurring 

weather related events. Natural gas is mainly used as residential and commercial 

heating fuel in addition to a fuel for electricity generation and as an input for some 

industrial processes. Cold winter weather in winter time results in more consumption 

of natural gas and a higher price. Price jumps also result from some unexpected 

events on the supply side such as hurricane, information about changes in storage 

level and so on. Given the properties of natural gas prices, we again use mean 

reversion jump diffusion model to model it.  

We will assume that the log price of gas can be written as 

)()())(ln( tstdtp +=          (2-7) 

such that the spot price can be written as  

)()()( tsetDtp =         (2-8)           

where D(t)=exp(d(t)) is a deterministic seasonality function. In order to capture the 

seasonality characteristics of the gas price, the deterministic component is defined as 

follows: 

)(_)(_)(_)( 43210 tnormstorageatnormhddatnormcddataatd g ++++=  (2-9) 

s(t) is a stochastic process explaining  the dynamics adjustment of prices and is given 

by  

)()()()( tdqtdwdttstds ggggg ξσκ ++−=      (2-10) 

with 
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(2-11) 

Total consumption of natural gas peaks in December and January as a result of 

heating demand. In the summer, there is also a local peak around July and August as 
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cooling demand increases electric power utility use of natural gas. The heating and air 

conditioning demand are driven by weather, and temperature in particular. Therefore 

weather variation provides a good instrument for the variability of natural gas demand. 

We will use cooling degree days (CDD) and heating degree days (HDD) to measure 

the temperature shocks, which have also been used in the previous chapter to model 

electricity. In Xu (2007) paper, four cities temperatures are used and the weights are 

determined by the proportions of the natural gas consumption in the residential and 

commercial sections in the states surrounding these cities. However, gas usage for 

power generation plays a very important role in Texas. In order to better capture the 

Houston Ship Channel price, gas consumption in power generation should be 

considered10. In this chapter, the consumption weighted average temperature of four 

cities (Dallas, Chicago, NY, Atlanta) are used to create CDD, HDD, historical normal 

CDD and historical normal HDD. The weights are calculated by the proportions of the 

natural gas consumption in the residential, commercial and power generation sections 

in the states surrounding these cities11. The gas consumption for each sector in each 

state comes from EIA website.  
                                                 
10 Most literature model Henry hub gas price and add some basis to the prices of the other locations. In 

this chapter, we model HSC price directly. The basis without the pipe line capacity constraint is just the 

fuel loss between delivery point and receipt point. Therefore, modeling the HSC only changes the mean 

level of the deterministic component 

11 Chicago represents the gas usage in Illinois, Indiana, Iowa, Kansas, Kentucky, Michigan, Minnesota, 

Missouri, Ohio, Tennessee and Wisconsin. New York represents the gas usage in DC, Maine, 

Maryland, Massachusetts, New Hampshire, New Jersey, New York, Pennsylvania, Rhode Island, 

Virginia, West Virginia, Connecticut and Delaware. Dallas represents the gas usage in Louisiana, 

Mississippi, New Mexico, Oklahoma, Texas, Alabama, Arizona, Arkansas and Nevada. Atlanta 

represents the gas usage in Georgia, North Carolina, South Carolina and Florida. 
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Weight City
0.30 Dallas
0.28 Chicago
0.26 NY
0.16 Atlanta  

Table 2.1 Temperature Weight Table 

)0,65_16.0_26.0_28.0_3.0( −+++= AltlantaTaveNYTaveChicagoTaveDallasTaveMAXCDD
  
(2-12)

   
)0),_16.0_26.0_28.0_3.0(65( AltlantaTaveNYTaveChicagoTaveDallasTaveMAXHDD +++−=
   

(2-13)
 

cdd _deviation is the difference between CDD and historical normal CDD. 

hdd_deviation is the difference between HDD and historical normal HDD. 

In a competitive commodity market where the demand is highly seasonal such as the 

natural gas market, inventory plays an important role in smoothing production and 

balancing demand-supply conditions. Total consumption of natural gas exceeds 

production in winter months but falls below it in summer months. Consequently, 

natural gas inventory displays a strong seasonal pattern: It builds up from April to 

October, while it shrinks from November to March. The American Gas Association 

conducted a weekly survey of inventory levels for working gas in storage facilities 

across the United States and released the weekly natural gas storage report from 

January 1994 to the end of April 2002, after which EIA has taken over this survey and 

prepared the report. The report tracks the overall natural gas inventory levels as well 

as the inventory levels in three regions, the consuming east, the consuming west, and 

the production region. The report is released on every Wednesday or Thursday  

morning for the gas storage as of the previous Friday, for example, EIA released gas 
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storage on 12/01/2011 for the week ending 11/25/2011. The storage data can be 

downloaded from the EIA website. The historical normal storage data can be 

calculated by using previous 5 years data on that day. The storage deviation is defined 

as the difference between the storage and historical normal storage. 

Houston Ship Channel Natural Gas
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Figure 2.1 Plot of Houston Ship Channel Natural Gas Price 
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Figure 2.2 Plots of Temperature and Storage 
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Natural Logarism 
HSC Price

Predicted Gas Price 
(deterministic component)

Residual (stochastic 
component)

historical 
normal CDD

historical normal 
HDD

historical normal 
storage CDD HDD storage CDD_DEV HDD_DEV STOR_DIFF

Mean 1.6643                 1.6643                                 (0.0000)                     3.3074          9.6974                2,123.9951          3.6253       9.4303         2,241.7802       0.3179         (0.2671)         117.7851        
Standard Error 0.0083                 0.0048                                 0.0068                      0.1033          0.2164                14.3694               0.1116       0.2256         15.9535            0.0371         0.0896          6.2282            
Median 1.7214                 1.6570                                 0.0391                      -                6.0400                2,155.4000          -             4.7928         2,298.0000       -               -                138.9000        
Standard Deviation 0.3944                 0.2266                                 0.3228                      4.8847          10.2303              679.1742             5.2740       10.6639       754.0443          1.7521         4.2335          294.3761        
Sample Variance 0.1555                 0.0513                                 0.1042                      23.8601        104.6591            461,277.6246      27.8153     113.7187     568,582.8379   3.0698         17.9229        86,657.2609   
Kurtosis (0.0391)               (1.1568)                                0.8502                      (0.7048)         (1.2944)               (1.3170)                (0.3323)      (0.6935)        (1.0310)             4.0954         1.7429          (0.0520)          
Skewness (0.2862)               (0.0149)                                (0.2415)                     1.0221          0.5187                (0.0008)                1.0885       0.7713         (0.1792)             0.9733         (0.0612)         (0.3270)          
Range 2.7502                 0.8496                                 2.5153                      13.9300        29.7800              2,340.6000          20.5020     41.2760       2,903.0000       18.3167       34.6970        1,475.6000     
Minimum 0.4669                 1.2649                                 (0.9233)                     -                -                      1,015.8000          -             -               642.0000          (7.4637)        (18.6460)       (710.8000)      
Maximum 3.2171                 2.1144                                 1.5920                      13.9300        29.7800              3,356.4000          20.5020     41.2760       3,545.0000       10.8530       16.0510        764.8000        
Count 2,234                   2,234                                   2,234                        2,234            2,234                  2,234                   2,234         2,234           2,234                2,234           2,234            2,234               

Table 2.2 Summary statistics for the data 
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2.2.2 Estimation Results 

Table 2.3 shows the estimated parameters. It makes sense that historical normal hdd 

has a positive sign and is statistically significant. Historical normal cdd has a negative 

sign, but it is not significant. Historical normal storage has a negative sign and it is 

statistically significant at the 1% level.  hdd and cdd_deviation are significant at the 

1% level and HDD is significant at the 10% level. CDD has a negative sign and HDD 

has a positive sign reflecting the fact that gas is mainly used for heating in winter in 

many states and the price is higher in winter due to more demand. CDD_deviation has 

a positive sign and statistically significant due to the fact that gas is also a very 

important source for power generation in Texas and other southern states when the 

weather is very hot. It makes sense that storage_deviation has a negative sign, but it is 

not significant. The storage level is not included because the model does not converge 

due to the multicollinearity between storage and CDD and HDD. Figure 2.4 shows the 

jump intensity at different time periods and we can see that most of time it matches 

the price trend. Table 2.3 shows the estimated parameters used in the simulation of the 

power price. 
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Coef Std.Err.
cons 1.293*** 0.02625
time 0.000352*** 0.00001

cdd_normal 0.000797 0.00166
hdd_normal 0.004462*** 0.00079
stor_norm -0.000034*** 0.00001

kapa 0.007083*** 0.00235
sigma 0.38972*** 0.12763

sigma 1 0.030303*** 0.00874
volatility multiplier 12.357*** 5.10479

mean_jump 0.001558 0.00748
sigma_jump 0.106523*** 0.03156

lamda0 -2.6595*** 0.29806
lamda1 (cdd) -0.055164** 0.03607
lamda2 (hdd) 0.049698*** 0.01240

lamda3 (cdd_deviation) 0.18962*** 0.07134
lamda4 (hdd_deviation) -0.015087 0.02103
lamda5 (stor_deviation) -0.00037044 0.00036  

Table 2.3 Estimated Coefficient of Gas Price 

 

lnelec Coef. Std. Err.
_cons 3.52984*** 0.02849
time 0.000248*** 0.00001

cdd_norm 0.019666*** 0.00174
hdd_norm -0.01553*** 0.00210
holiday1 -0.11372* 0.06185

kapa 0.58359*** 0.25972
sigma 0.38571** 0.17241

mean_j 0.11733** 0.03149
Sigma_j 0.5976*** 0.12382
lamda0 -0.76944*** 0.26845

lamda1(cdd) 0.04872*** 0.01748
lamda2(hdd) -0.01850 0.02155

lamda3(cdd_deviation) 0.2427*** 0.04090
lamda4(hdd_deviation) 0.037996** 0.02588  

Table 2.4 Estimated Coefficients of Power Price 
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2.3 Spark Spread Options simulation 

In the previous section, we have defined and estimated the power and gas price 

processes. In this section, I will focus on the simulation procedure 

2.3.1 Method to Implementation 

1. Set parameters values equal to the point estimates in the gas price and power price 

processes obtained by maximum likelihood method. 

2. Simulate the temperatures and storage. 

3. Simulate a random path for electricity and gas prices. 

4. For a given heat rate, compute the spark spread for each day in the simulation 

period. 

5. Discount the daily power plant payoff using an appropriate discount factor. 

6. Repeat the above procedures 10,000 times and compute the mean value and the 

standard error of the simulated amounts. 

In order to perform simulation, it is necessary to derive the discrete-time equation for 

this process. The correct discrete-time format for the continuous-time process of 

mean-reversion is the stationary first-order autoregressive process, AR(1), see Dixit & 

Pindyck, 1994, p.76 (for Dt = 1; the equation below is more general). Therefore, the 

sample path simulation equation for x(t) is performed by using the exact (valid for 

large Δt) discrete-time expression: 

)1,0()2/())2exp(1()1()1()( Nteetsts tt ηησμ ηη Δ−−+−+−= Δ−Δ−

  (2-14) 

After we add jumps, the real simulation for x(t) is given by: 

jumpsNteetsts tt +Δ−−+−+−= Δ−Δ− )1,0()2/())2exp(1()1()1()( ηησμ ηη

 (2-15) 

We use equation (2-15) to simulate stochastic component of gas and power processes 

respectively. In our case, μ=0 since we have deseasonalized the data first. After we 
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simulate the stochastic component by the above two equations, we add it with the 

deterministic components together.  

Furthermore, a realistic evaluation of the plant should take into account the fact that 

the gas and electricity processes are correlated. The correlation between the residuals 

in the two processes is estimated by filtering the trend out of the series of the log-

prices. The correlation we obtained is 0.5415. The two processes can be generated in 

the following way. Let ε1 and ε2 be two independent standard normal random 

variables. The Brownian innovations dWe and dWg in the electricity and gas processes 

are then obtained as: 

dtdW e
111 εσσ =         (2-16) 

dtdW g )1( 2
2

122 ερρεσσ −+=       (2-17) 

so that σ1dWe~N(0, σ1
2dt), σ2dWg~N(0, σ2

2dt) and Cor(σ1dWe, σ1dWe)=ρσ1σ2dt, as is 

required. We will ignore the correlation between power price spikes and gas price 

spikes.  

Temperature and storage are two very important factors in our model, so we need to 

simulate temperature and storage in order to simulate the gas price. We only need to 

simulate temperature for the power price since load is not significant. Temperature 

and storage are both serially correlated. In order to keep the daily correlation in the 

simulation, principal component analysis (pca) is used. The PCA method has been 

used to simulate load by Carlos Blanco (2005). The statistical theory for PCA will be 

introduced in the appendix A. For temperature, we assume there are 365 days each 

year and we take each day as a different series, therefore we have 365 time series. 

Since our temperature data spans from 1980 to 2008, there are 29 data points for each 

series. We first get the 365x365 covariance matrix for these 365 data series data.  We 

then can get the eigen values and eigen vectors by doing the Cholesky decomposition. 
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By looking at the eigen value, we can find the small number of factors that can 

explain well over 95% of the variance in the original series. These factors and their 

associated factor loadings, which describe how shocks are propagated into the 365 

daily temperatures, are then used to simulate temperature as a random variable. 

Storage is recorded at the weekly frequency. We assume that there are 52 weeks every 

year. We take each week as a different series. Therefore we have 52 series. Since our 

data spans from 1994 to 2008, there are 15 data points for each series. We again get 

the 52x52 covariance matrix, from which we can obtain the eigen values, and eigen 

vectors by doing the Cholesky decomposition. By looking at the eigen values, we can 

find the number of factors that can explain well over 95% of the variances. These 

factors and their associated factor loadings, which describe how shocks are 

propagated into the 52 weekly storages, are then used to simulate storage as a random 

variable. After we simulated the weekly storage, we will expand it to the daily data by 

assuming that the storage within one week is constant. 

2.3.2 Results and Conclusions 

The expected value of a gas fired power plant has been estimated by Monte Carlo 

simulations. I have simulated 10000 times for 20 years. Table 2.5 reports the value of 

the plant using different heat rates12 , namely 6MMBTU/MWh, 7MMBTU/MWh, 

8MMBTU/MWh, 9MMBTU/MWh, 10MMBTU/MWh. As we expect, a higher heat 

rate is followed by a lower value of the power plant. By reducing plant efficiency, the 

value of the plant decreases. For instance, if the heat rate is equal to 7MMBTU/MWh, 

the plant value is $1.08 million by using model 1, while at a heat rate of 

9MMBTU/MWh, the pant value is 0.781 million. 
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The four models listed in table 2.5 have been explained in the notes13. Given that the 

same mean diffusion model is used to price gas, in each case, the power plant value 

from the model in which jump intensity is defined as temperature data in model 4 is 

smaller than the power plant value from the models in which jump intensity is 

constant or a function of seasonality.  Adding jumps in the gas model lowers the 

power plant value, especially for the highly efficient power plants. The first sample of 

the generation assets considered consists of two gas fired combined cycle generating 

units. On April 2011, Oglethorpe Power Corporation in GA purchased two natural 

gas-fired, combined cycle generating units in Murray County from KGen Power 

Corporation. The purchase price was approximately $529 million, including working 

capital and other closing adjustments. The two Murray units have generating capacity 

of about 1,220 megawatts (MW). The two units have the same heat rate around 

7.25MMBTU/MWh. Therefore, the market value is around 440,000/MW. Another 

deal is the purchase of Channelview Cogeneration Power Plant by Global 

Infrastructure Partners’ Affiliate and FORTISTAR from Reliant energy in 2008. The 

capacity of the power plant is 830MW and the transaction value is 500 million plus 

                                                 
13 Model 1 is mean reversion jump diffusion model with constant jump, gas price is modeled as mean 

reversion process. 

Model 2 is the result from mean reversion jump diffusion model with jump intensity as a function of 

seasonality. Gas price is modeled as a mean reversion process 

Model 3 is the result from mean reversion jump diffusion model with jump intensity as a function of  

cdd, hdd, cdd_deviation and hdd_deviation. Gas price is modeled as a mean reversion process 

Model 4, power price is modeled as mean reversion jump diffusion model with jump intensity as a 

function of cdd, hdd, cdd_deviation and hdd_deviation. Gas price is modeled as a mean reversion jump 

diffusion process and jump intensity is defined as a function of cdd, hdd, cdd_deviation, hdd_deviation. 
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some adjustments14. Therefore the market value is around 600,000/MW. We do not 

know the exact HR of this power plant15, but this value is lower than our simulation 

for any HR.  By comparing the real market transaction value with the simulated value, 

we can see that all our models overestimate the power plant value16. Compared with 

the other three models, the result from model 4 is the best. 

heat rate 
(MMBTU/MWh)

plant value (model1) 
($/MW)

plant value (model 2) 
($/MW)

plant value (model 3)  
($/MW)

plant value(model(4)  
($/MW)

6 1,275,490                        1,346,811                        1,168,160                        1,071,563                        
7 1,081,763                        1,149,605                        965,388                           935,189                           
8 917,898                           979,478                           809,351                           790,338                           
9 781,112                           834,284                           679,233                           710,554                           

10 667,578                           711,183                           566,203                           618,119                            

Table 2.5 Simulated Power Generation Value 
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Figure 2.3 Plot of Houston Ship Channel Gas Price 

 
                                                 
14 We do not know how much the adjustments are, but it should not be a big amount. 

15 The power plant was fully operational since 2002. The HR built at that time is around 7.5. 

16 In our models, we do not consider the O&M cost, shut down cost, which might explain why our 

simulation results are higher than the real trading value. 
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Figure 2.4 Plot of Gas Jump Intensity 
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Figure 2.5 Simulated Gas Storage 
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Figure 2.6 Simulated Temperature 

Plot of Power Generation

-

200,000

400,000

600,000

800,000

1,000,000

1,200,000

1,400,000

1,600,000

6 7 8 9 10
HR

Va
lu

e(
$)

plant value (model1) ($MW)

plant value (model 2) ($MW)

plant value (model 3)  ($MW)

plant value(model(4)  ($MW)

 

Figure 2.7 Plot of Power Generation Value 
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Chapter 3 Extremal dependence in the energy 

market 

3.1 Introduction 

Literature in energy trading fields contains many papers studying the relationships 

between crude oil prices, gas prices and power prices. It has been widely documented 

that the crude oil price is the driver of the gas price in the long run, while gas price 

plays an important role in the power price since gas is often the marginal fuel in 

power generation. For example, Kenneth Rose (2007) studied the impact of fuels 

costs on electric power prices, and concludes that gas prices have certainly played a 

role in escalating electricity prices, but it can not simply attribute the power prices 

increase solely to the cost of the fuels used to generate power. Lance Bachmeier and 

James Griffin (2006) studied integration of the crude oil, coal and natural gas markets 

by using an error correction model and concludes that crude oil, coal and natural gas 

markets are only very weakly integrated and there is not a single primary energy 

market. Jong and Schneider (2009) study cointegration between power and gas spot 

prices, and they conclude that cointegration is only at the long-term forward price 

level but not at the spot price level.  Peter Hartley, Ken Medlock and Jennifer Rosthal 

(2007) investigate the existence of a long run stable relationship between natural gas 

and crude oil prices, and conclude in their paper that in the long run, gas prices and 

crude oil price are still linked. Most of these researches focus on the cointegration 

among energy market, i. e. the long run relationship among crude oil, gas and 

electricity. None research study how the price spikes correlated among crude oil, 
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natural gas and electricity. Such correlations among those price spikes can be termed 

as extreme dependence.  

The conventional dependence measure, the Pearson correlation ρ, is constructed as an 

average of deviations from the mean. It makes no distinction between large and small 

realizations, and it does not distinguish between positive and negative deviations. It 

also implicitly assumes a linear relationship and a multivariate Gaussian distribution, 

which might lead to a significant underestimation of the risk from joint extreme 

events. If the dependence characteristics for extreme realizations differ from all other 

realizations in the sample, the conclusions drawn from the Pearson correlation could 

put a firm that relies on those results at risk of bankruptcy. More generally, Pearson 

correlation is not a good measure of dependency in cases where extreme realizations 

are important. One effective way to study such extreme events is through extreme 

value theories.  

Extreme value theory has been widely applied in the finance and insurance industry in 

the recent years. For example, Marsh and Wager (2004) used extreme value theory to 

study the return-volume dependence in international equity markets. They found an 

overall significant return variability-volume dependence. Longin and Sonik (2001) 

used extreme value theory to test the hypothesis that international equity market 

correlation increased in volatile times. Poon, Rockinger and Tawn(2004) use extreme 

value theory to study the extremal dependence among the stock returns in developed 

countries. Buhl, Reich and Wegman (2002) used extreme value theory to study the 

extremal dependence among the market and liquid risk in the financial market. 

However, extreme value theory has not been widely used in energy trading industry. 

The only exception I could find is the paper written by Bystrom (2007), in which the 

power price is modeled by applying extreme value theory (GPD) to AR-GARCH 
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filtered price change series. He assumed that accurate estimates as well as forecasts of 

extreme quintiles could be produced, and he found that general Pareto distribution is 

better to capture the tail behavior of the power prices than the normal distribution.  

 In this chapter, I will use the method proposed in paper “Extreme Value Dependence 

in Financial Markets: Diagnostics, Models and Financial Implications” by Poon, 

Rockinger and Tawn (2004) to investigate the extremal dependence among crude oil, 

natural gas and electricity. Poon’s article provides a multivariate framework for 

studying rare events in finance. By Poon, Rockinger and Tawn (2004), “dependence 

structures can be grouped into four types: independent, perfect dependent, asymptotic 

independent, and asymptotic dependent. For positively related and asymptotically 

dependent/independent variables, large values of each variable will occur 

simultaneously more often (less than) than if these variables are independent 

(perfectly dependent). The distinction between the two asymptotic dependence 

structures occurs as both variables approach their respective upper limits. As one 

variable tends to its upper limit, the chance of the other variable being close to its 

upper limit goes to zero for asymptotically independent random variables, but to a 

nonzero limit for asymptotically dependent variables. Consequently the extreme 

values in each variable can occur simultaneously only for asymptotically dependent 

variables, but will always arise at separate times for asymptotically independent 

variables”. We show in this article, using changes in log prices on power price, gas 

price and crude oil price, that energy market price changes tend to be asymptotically 

independent. Hence conventional multivariate models that are based on the 

assumption of asymptotic dependence will overestimate the probability of joint 

occurrence. 
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The remaining sections are organized as follows: Section 1 describes the two tail 

dependence measures that will be used in this chapter. Section 2 describes how these 

two dependence measures may be estimated. Section 3 contains the empirical analysis, 

which includes a description of the data sources and a report of empirical findings. 

Section 4 provides concluding remarks and discusses the implications of our results 

3.2 Methodology 

3.2.1 Univariate Extreme Value Theory 

Extreme value theory has been around for a long time period, from the pioneering 

work Fisher and Tippett (1928), followed by Gnedenko’s famous extreme value 

theorem to the expose by Gumbel. More recently, Balkema and de Haan (1974) and 

Pickands (1975) presented the basic foundation for threshold-based extreme value 

methods. Classical univariate extreme value theory examines the asymptotic 

distribution of properly normalized extrema of a series of i.i.d random variables. Let 

MR,T =max(r1,……rt) and r is a series of i.i.d random variables. With the norming 

constants aT >0 and bT €IR. The asymptotic distribution of the maximum in a series is 

derived as the limit of  

{ } )()(Pr .
1

TT
T
RTTRT braFrbMa +=≤−−  as T ∞     (3-1) 

If a limiting distribution exists. It has to be a member of the class of distribution 

functions which satisfy the max-stability condition. 

The limit of the distribution will converge to generalized extreme value distribution: 

01])1(exp[)( /1
; >++−= − rrrH R ξξ ξ
ξ      (3-2) 

The shape parameter, ξ also called as tail index, characterizes the extreme behavior of 

the returns.  The GEV corresponds to the Frechet distribution for ξ>0, to the Weibull 

distribution for ξ<0 and to the Gumbel distribution when ξ=0. Weibull distribution is 



 53

a short tailed distribution. Freshet distribution and Gumbel distribution are long tailed 

distribution, but the decay of the tail of the Frechet distribution is much slower than 

that of the Gumbel distribution.  

The block method described above is very wasteful of data. In practice, we use all the 

data that are extreme in the sense that they exceed a particular designated high level. 

The main distributional model for exceedances over thresholds is the generalized 

Pareto distribution (GDP), which is given by 

0),/exp(1
0,)/1(1 /1

,

=−−=

≠+−= −

ξβ

ξβξ ξ
βξ

x
xG

 

where β>0, and x≥0 when ξ≥0 and 0≤x≤- β/ ξ when ξ<0. The parameters ξ and β are 

referred to, respectively, as shape and scale parameters. By Pickands, Balkema and de 

Haan (1974), the distributions for which the normalized maxima converge to a GEV 

distribution constitute a set of distributions for which the excess distribution 

converges to the GPD as the threshold is raised. Moreover, the shape parameter of the 

limiting GPD for the excesses is the same as the shape parameter of the limiting GEV 

distribution for the maxima.  

3.2.2 Hill estimator 

The tail index is the key of the EVT, Hill estimator is one of the most famous 

estimated tail index. Due to Gdenenko (1959), the tail of a univariate heavy-tailed 

variable Z above a high threshold u satisfies  

ξ/1)()Pr( −=> zzzZ   for z>u      (3-3) 

where u is a high threshold, ξ is a shape parameter, also called the tail index, and 

)(z is a slowly varying function of z, that is     

1
)(
)(lim =

∞→ z
tz

t
    for all z>0 
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Treating the slowly varying function as a constant for all z>u and under the 

assumption of independent observations, the log-likelihood function conditionally on 

the nu  exceedances  becomes 

∑
=

+−−=
u

u

n

j
jun znzzL

1
1 log)11(log),......(log

ξ
ξ      (3-4) 
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the maximum likelihood estimators for ξ, known as Hill’s estimator (1975), and )(z  
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ξ̂/1)̂( u
n
nz u=         (3-7)  

where z(1),…,z(nu) are the nu observations of variable Z that exceed u. 

Many studies have investigated into the properties of Hill’s estimator (Beirlant, 

Goegebeus, Segers and Teugels 2004) and it is one of the best studied estimators in 

the EVT literature. In particular, it has been shown that there is a problem of bias 

when the slowly varying function exhibits nonconstancy above u due to higher-order 

terms in )(z . However, there is no easy way to overcome this bias in practice, so we 

attempt to be cautious in drawing conclusions using this estimator. The above 

discussion applies to i.i.d variables. Unfortunately, temporal dependence adds 

complications to the threshold exceedance method. One possible solution is to ignore 

the dependence and apply the methods as if the data were independent. This leads to 

unbiased estimators, but with standard errors too small. In the empirical study section, 
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we assess the possible bias of the standard error estimate that is due to volatility 

clustering and autocorrelation of log price differences 

3.2.3 Extreme Dependence 

 As suggested in Poon, Rockinger and Tawn (2004), when we study the dependence 

structure, it is convenient to remove the influence of marginal aspects first by 

transforming the raw data to a common marginal distribution. Following the method 

in Poon et al (2004), the bivariate log price changes (X,Y) are transformed to unit 

Frechet marginals (S,T) as follows: 

)(log/1 XFS X−=  and )(log/1 YFT Y−=      (3-8) 

where FX and FY are the respective marginal distribution functions for X and Y. In 

financial literature, the Frechet transformation has been used because of the widely 

documented fat-tail distributions for risk asset returns [Loretan and Phillips (1994)]. 

The fat tails of the price changes in energy market can be seen from figure 3.1, 3.2, 

3.3, 3.4 and table 3.1. Consequently S and T have the distribution function F(s) = e-1/s 

for s >0, so Pr(S>s) = Pr(T>s) = s-1 + O(s-2) as s → ∞. The variables (S, T) possess the 

same dependence structures as (X,Y) since  

]|Pr[)( qSqTqP >>=      

)](|)(Pr[ 11 qFXqFY XY
−− >>=       (3-9) 

The variables S and T are said to be asymptotically independent if P(q) has a limit 

equal to zero as q 1. If the limit in the above equation is nonzero, S and T are 

asymptotically dependent. Values of P(q) greater than, equal to, and less than 1-q 

indicate positive dependence, independence, and negative dependence, respectively, 

at percentile q. Figure 3.1a, Figure 3.1b, Figure 3.1c and Figure 3.1d present scatter 

plots of the log differences in prices.  The dependence for the Houston Ship Channel 
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gas price and Henry Hub price is persistent for both positive and negative extreme 

returns, which is indicative of the variables being asymptotically dependent. In 

contrast, the extremal dependences between the other pair of variables are much 

weaker. Figure 3.1d, Figure 3.1d, Figure 3.1f present empirical estimates of p(q) for 

the right tails of the two log differences in prices. P(q) approaches 0.8 as q 1 for the 

Houston ship channel spot price and Henry hub spot price, indicating asymptotic 

dependence. For the other pair of log differences in price, the p(q) drops to zero 

steadily, indicating asymptotic independence17. 

In the following subsections, the measures of the degree of asymptotic dependence 

and asymptotic independence are presented respectively.   

3.2.3.1 Asymptotic dependence  

As variables S and T are now on a common scale, events of the form {S > s} and {T > 

s}, for large values of s, correspond to equally extreme events for each variable. By 

Poon et al (2004), the first nonparametric measure of dependence, χ is based on P(q) 

in Equation (3-4) with  

)(lim
1

qP
q→

=χ  

   )|Pr(lim sSsT
s

>>=
∞→

 

)Pr(
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sS
sSsT

s >
>>

=
∞→

ξ
11

)(lim
−

∞→
= ss

s       
(3-10)

 

S and T are asymptotically dependent if the estimated χ >0, meaning that the extreme 

values in one series, no matter how large, are very likely to be accompanied by the 

extreme values in the other series. If the estimated χ=0, S and T are asymptotically 

                                                 
17 The data used in these graph will be explained later section. The purpose that we present the scatter 

plot is to give an intuition of the asymptotic independence and asymptotic dependence. 
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independent, it means that extremely large losses in one series are not generally 

accompanied by extremely large losses in the other. From above equation, we can see 

that the only case to make χ≠0 is ξ=1.  

3.2.3.2 Asymptotic independence 

 A complementary measure χ  developed by Ledford and Tawn (1996) can be used to 

measure extremal dependence for variables that are asymptotically independent, that 

is χ=0. Coles, Hefferna, and Tawn (1999) defined  

121
),Pr(log

)Pr(log2lim −=−
>>

>
=

∞→
ξχ

sTsS
sS

s      
(3-11) 

 where 11 ≤<− χ , and χ is a measure of the rate at which )|Pr( sSsT >>  

approaches zero. For perfect dependence, )Pr()|Pr( sSsSsT >=>>  and 1=χ . For 

independence, 2)][Pr()|Pr( sSsSsT >=>> , so 0=χ . Hence values of 0>χ , 0=χ  

and 0<χ  correspond to when S and T are positively associated, independent and 

negatively associated in the extremes.  

The pair of dependence measures ( χχ , ) together provides  the necessary information 

for the tail dependence.  Poon et. al suggest the procedures to investigate dependence 

structure. First, estimate χ  and test if it is equal to 1. If we can not reject it, we need 

the second step to estimate χ as the measure of asymptotic extreme dependence. If we 

reject it, essentially it means we accept that 0=χ  and χ  is used to measure the 

extremal dependence. 

3.2.4 Estimation of χ and χ  

Dependence measures described by Poon, Rockinger and Tawn (2004) are based on 

the univariate extreme value methods. We have described the univariate extreme 
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value theory and Hill estimator in the previous section. The estimation of χ and χ are 

obtained by noting that the minimum of two standard Frechet random variables is 

itself unit Frechet.  

3.2.4.1 The estimation of χ  

As indicated in Poon, Rockinger and Tawn (2004), if S and T both have unit Frechet 

distribution18, then ξ
1

)(~),Pr(
−

>> sssTsS  as s ∞   (3-12) 

where ξЄ(0,1] is a is the coefficient of the tail index,  and )(s is a slowly varying 

function of s. From this representation it follows that  

12 −== ξχ  and that if  χ =1, corresponding to ξ=1, then )(lim ss ∞→=χ . Thus the 

estimation of ξ and )(lim ss ∞→ provide the basis for estimating χ and χ . 

Inference follows using univarite extreme value techniques by identifying that if Z = 

min(S,T) then 

}),Pr{min()Pr( zTSzZ >=>  

                ),Pr( zTzS >>=      

                ς/1)( −= zzL         (3-13) 

for some high threshold u. From equation (3-14), it can be seen that ξ is the tail index 

of the univariate variable Z, and so can be estimated using the Hill estimator from 

equation in the previous part. 
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un/)1ˆ()ˆvar( 2+= χχ         (3-15) 

                                                 
�  Pr(S≤s)=exp(-1/s) and lims ∞pr(S>s)=1/s 
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3.2.4.2 The estimation of χ 

 If χ is significantly less than one, the variables are inferred to be asymptotically 

independent and we need to accept 0=χ , which means asymptotically independent. 

Only if there is no significant evidence to reject 1=χ , χ can be estimated by
 

    
 

n
uns u

s
==

∞→
)(limχ̂         (3-16) 

3

2 )()var(
n

nnnu uu −
=χ

       
(3-17) 

3.3 Empirical Analysis 

3.3.1  Data 

Spot market price will be used in this paper. The spot market is a market for physical 

delivery of power, gas or oil, and despite being called the spot market, in reality it is a 

short-term futures market. The spot price is also an important underlying parameter 

for the pricing and trading in derivatives. Forwards, futures, and options on electricity 

are traded on the spot price. Compared to typical financial assets like stocks and 

bonds, the size of the price changes in energy products is extreme to say the least. The 

more volatile characteristics of energy product prices have been described in chapter 1. 

The data includes the daily WTI crude oil price, daily Henry Hub spot gas price, daily 

HSC spot gas price and daily Texas MCPE electricity price. Daily returns were 

generated by taking first differences of the logarithmic prices. The data spans from 

Jan 2002 to May 2009. In total, we have 1814 prices and we get 1813 log price 

differences. 
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3.3.2 Empirical results 

Table 3.1 presents some summary statistics for oil, gas and electricity returns. Panel A 

shows the mean, standard deviation, skewness and excess kurtosis. All series have a 

kurtosis that is significantly greater than three, i. e all series have heavy tails and a 

Frechet distribution is appropriate for the marginal distribution.  Due to the 

autocorrelation of the data , we fit an autoregressive filter to all log price differences. 

Table 3.1 presents the Hill index for both left and right tails of the unfiltered 

univariate data series.  All the tail indices reported in Table 1 are significantly greater 

than zero. In order to disentangle extreme returns from variations in volatility, which 

are known to generate excess kurtosis, and also to remove clustering of extreme 

values caused by volatility persistence, we consider a filtered version of price returns. 

An AR(1)-GARCH(1,1) model will be used for this purpose.  The GARCH filter is 

not very helpful to reduce the tail index a little bit, indicating that heteroscedasticity is 

not a contributing factor to extreme price movements. 

Table 3.1 reports the estimates of  χ  for selected pairs of raw returns. Most the χ  

estimated for the unfiltered returns and filtered returns are larger than the 

corresponding Pearson correlation coefficients. This reinforces our pervious 

conjecture that the Pearson correlation measure is a poor measure for tail dependence.  

Moreover, all χ  estimates except the estimate between Henry hub gas price return 

and Houston Ship Channel gas price return are significantly less than one, which 

means asymptotic dependence is rejected in these cases. There is also some 

dependence between large values of the paired series, but the very largest values do 

not occur concurrently.  Since most of the pairs are asymptotically independent, 

multivariate extreme value models that assume asymptotic dependence among the log 

price changes are likely to have overestimated portfolio joint risk. 
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For all series, the χ estimates are larger for the unfiltered than those for the filtered 

log price changes, indicating that volatility is a contributing factor to the extremal 

dependence between series. However, qualitatively there is little difference if a 

GARCH filter is used. 

It is common knowledge in the finance field that extreme dependence is much 

stronger in bear markets than in bull markets, and that some of this dependency is due 

to correlated conditional volatilities. The dominance of left tail dependence has been 

proved in Longin and Solnic (2001), Martens and Poon (2001) and Poon, Rockinger 

and Tawn(2004).  However, our research finds the opposite that extreme dependence 

in energy markets is stronger in the right tails than that in the left tails, i.e the extreme 

dependence is stronger when energy prices are generally higher than when they are 

generally lower. The explanations are as follows. 

Unlike the natural gas market, the crude oil market is an international market and its 

price is less likely to fall with US gas price due to the competing demands and supply 

changes outside USA.  However, substitution between natural gas and crude oil 

product may make the gas price and crude oil price rise together. Therefore, the right 

tail dependence is stronger than the left tail dependence.  

The extreme dependence between Henry hub and crude oil is stronger than extreme 

dependence between Houston Ship Channel and crude oil since the Henry hub gas 

price is more national than Houston Ship Channel price. It is also reasonable that the 

extreme dependence between Houston Ship Channel and EROCT electricity price is 

much stronger than the extreme dependence between Henry hub gas price and 

ERCOT electricity price.  

It is surprising that extreme dependence between crude oil and electricity in the left 

tail is much stronger than the left tail extreme dependence between natural gas and the 
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electricity. There are several possible reasons. First, when the crude oil price 

decreases, a utility can use more oil products to generate power and the cost is 

decreased. Therefore, the electricity price in ERCOT decreases. Second, a lower oil 

price is bad for the Texas economy, which may induce lower demand and a lower 

power price. Therefore, we are more likely to see that extreme dependence between 

crude oil and electricity in the left tail is stronger than the extreme dependence 

between natural gas and electricity. Third, natural gas fired power plants are higher of 

the supply dispatch. Therefore, we would not expect them to be marginal when 

demand and electricity prices are lower. The third reason above can also be used to 

explain why the extreme dependence between gas and electricity in the right tail than 

that in the left tail. 

Table 3.3 reports the estimates of χ.  Since χ   estimates for Henry hub gas price 

return and Houston Ship Channel gas price return is close to 1, i.e. asymptotic 

dependence can not be rejected, we need to estimate χ  , which gives the probability 

of joint occurrence of the most extreme values. For example, the number 0.76765 in 

the table 4 means there is about 77% chance that Henry Hub return will experience 

the largest gain or fall when the largest positive or negative return is recorded in 

Houston Ship Channel market.  

Crude Oil Henry Hub Gas Houston Ship Channel 
GasGas Electricity

Mean 0.0005 0.0001 -0.0001 0.0103
Standard Deviation 0.0266 0.0489 0.0551 0.4402

Skewness -0.2968 0.4588 -0.4731 0.0770
Kurtosis 7.1800 23.7100 33.9200 10.1700

Left tail 0.41119 0.39197 0.42551 0.42072
Right tail 0.36317 0.37178 0.42791 0.47198

Left tail 0.39122 0.39615 0.43331 0.36615
Right tail 0.36306 0.36793 0.40825 0.44216

Panel A: Summary statistics

Panel B: Tail index for the returns

Panel C: Tail index for daily returnresiduals from the GARCH(1,1) model

 

Table 3.1 Tail index estimates for daily log price differences 
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X bar s.e X bar s.e
WTI Oil-Henry Hub Gas 0.0797 0.115 0.0948 0.1627 0.0996
WTI Oil-Houston Ship Channel Gas 0.0586 0.1109 0.0934 0.097 0.0948
Henry Hub Gas-Houston Ship Channel Gas 0.9485 0.9263 0.1658 0.9246 0.1663
Henry Hub Gas-ERCOT Electricity 0.0893 0.0826 0.1159 0.2185 0.1285
Houston Ship Channel Gas-ERCOT Electricity 0.0771 0.1231 0.1169 0.4267 0.3273
WTI Oil-ERCOT Electricity 0.0589 0.3276 0.1399 0.0326 0.1083

X bar s.e X bar s.e
WTI Oil-Henry Hub Gas 0.0762 0.0972 0.0963 0.1502 0.0985
WTI Oil-Houston Ship Channel Gas 0.0549 0.0806 0.096 0.0849 0.0937
Henry Hub Gas-Houston Ship Channel Gas 0.9483 0.9196 0.1658 0.9031 0.1644
Henry Hub Gas-ERCOT Electricity 0.0799 0.0993 0.1141 0.1644 0.2745
Houston Ship Channel Gas-ERCOT Electricity 0.0639 0.1086 0.1184 0.4014 0.3303
WTI Oil-ERCOT Electricity 0.0503 0.2194 0.1285 -0.0168 0.1031

Pearson 
Correlation

Pearson 
Correlation

Unfiltered

Filtered by AR(1)-GARCH (1,1)

Left Tail Right Tail

Left Tail Right Tail

 

Table 3.2 Measure of tail dependence, χ bar 

Henry Hub--Houston Ship Channel 0.76765 0.064637 0.77237 0.065034
Left tail Right tail

 

Table 3.3 Measure of tail dependence, χ 
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3.4 Conclusion 

In this paper, we use two types of extreme value dependence structures proposed by 

Poon, Rockinger and Tawn (2004) to analyze the extreme dependence in energy 

markets. This methodology has been used in financial markets in the last several years 

and it is the first time to be used in energy markets. It can provide a useful tool to 

check our systemic risk and tail diversification in our portfolio.  A high χ value 

indicates a greater exposure to systemic risk in time of financial crisis. To reduce a 

systemic risk exposure, one should identify investments that have χ=0 or 1<χ . The 

smaller the value χ , the greater is the diversification of tail event risk.  In our case, 

the portfolio with oil and gas is better diversified than the portfolio with oil and 

ERCOT electricity when the market goes down. 

We find that asymptotic dependence is rejected in all pairs except the dependence 

between Henry Hub gas return and Houston Ship Channel gas return, i.e any model 

that assumes asymptotic dependence among the price returns are likely to have 

overestimated portfolio joint risk.  

From the result table, we can see that the degree of tail dependence is stronger than 

Pearson correlation, i.e pearson correlation is not a good measure of tail dependence.  

We find a phenomenon that extreme value dependence is stronger when the prices are 

higher than when the prices are lower due to the special characteristics in energy 

market, which conflicts the accepted wisdom in equity market that international 

correlation is much higher in periods of volatile markets from previous literature.  

An accurate measurement of the tail relationship is very useful in finance applications. 

This research should provide better tools for portfolio management and risk 

diversification. In the future, more work needs to be done in order to investigate how 
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to calculate the extremal dependence among serial correlated data and how the wrong 

measure of extremal dependence impact the portfolio risk assessment in energy 

market. 
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HSC Gas vs ERCOT Electricity Price Return
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Figure 3.1 Scatter plots of price returns and uniform marginal probabilities for the right tail of 

the price return distributions. 

 

 



 67

Reference  

Asche, F., Osmundsen, P. and Sandsmark, M. (2006), “The UK market for natural gas, 

oil and electricity: Are the price decoupled?”, The Energy Journal 27(2), 27-40. 

Bachmeier, L. and Griffin, J. (2006), “Testing for market integration crude oil, coal, 

and natural gas”, he Energy Journal 27(2), 55-71. 

Benth, F. and Saltyte-Benth, J. (2005), “Analytical approximation for the price 

dynamics of spark spread options”, Pure Mathematics 17, 1-21. 

Blanco, C. and Soronow, D. (2001), “Mean reverting processes – Energy price 

processes used for derivatives pricing and risk management”, Energy Pricing, 68-72.  

Blanco, C. and Soronow, D. (2001), “Jump diffusion processes – Energy price 

processes used for derivatives pricing and risk management”, Energy Pricing, 83-86. 

Brown, S. and Yucel, M. (2007), “What drives natural gas prices”, Working Paper.  

Bystrom, H. (2005), “Extreme value theory and extremely large electricity price 

changes”, International Review of Economics and Finance 14, 41-55. 

Carmona, R. and Durrleman, V. (2003), “Pricing and hedging spread options”, SIAM 

Review 45(4), 627-685. 

Cartea, A. and Figueroa, M. (2005), “Pricing in electricity markets: A mean reverting 

jump diffusion model with seasonality”, Applied Mathematical Finance 12(4), 313-

335. 

Coles, S., Heffernan, J. and Tawn, J. (1999), “Dependence measures for extreme 

value analysis”, Extremes 2(4), 339-365. 



 68

Deng, S., Johnson, B. and Sogomonian, A. (1999), “Spark spread options and the 

valuation of electricity generation assets”, Proceedings of the 32nd Hawaii 

International Conference on System Sciences, 1-7.  

EI-Gamal, M. and Jaffe, A. (2008), “The global energy market: Comprehensive 

strategies to meet geopolitical and financial risks”, The G8, Energy Security, and 

Global Climate Issues, 1-25. 

Emery, G. and Liu, Q. (2002), “An analysis of the relationship between electricity and 

natural-gas future prices”, The Journal of Futures Markets 22(2), 95-122. 

Evan, L., Guthrie, G. and Videbeck, S. (2008), “Assessing the integration of 

electricity markets using principal component analysis: Network and market structure 

effects”, Contemporary Economic Policy 26(1), 145-161. 

Eydeland, A. and Geman, H. (2004), “Fundamentals of electricity derivatives”, 

Energy Modelling and The Management of Uncertainty, 35-43. 

Geman, H. and Roncoroni, A. (2006), “Understanding the fine structure of electricity 

price”, Journal of Business, 79(3), 1225-1259. 

Gregoire, V., Genest, C. and Gendion, M. (), “Using copulas to model price 

dependence in energy markets”, Energy Risk.  

Hsu, M. (2001), “Hedging on a spark”, Energy Power Risk Management, special 

report 

Hughes, W. and Parece, A. (2002), “The economics of price spikes in deregulated 

power markets”, The Electricity Journal, 31-44.  

Jong, C. and Schneider, S. (2009), “Conitegration between gas and power spot prices”, 

The Journal of Energy Markets 2(3), 27-46. 



 69

Knittel, C. and Roberts, M. (2005), “An empirical examination of restructured 

electricity prices”, Energy Economics 27, 791-817. 

Kosecki, R. (2002), “Fuel-Base power price modelling”, Energy Modelling and The 

Management of Uncertainty, 91-98. 

Ledford, A. and Tawn, J. (1996), “Statistics for near independence in multivariate 

extreme values”, Biometrika 83(1), 169-187.  

Ledford, A. and Tawn, J. (1997), “Modelling dependence within joint tail regions”, J. 

R. Statist. Soc. B 59(2), 475-499. 

Liang, Z., Zhang, W. and Li, S. (2007), “Asymmetric extremal dependence in Chinese 

future market”, IEEE, 4043-4045. 

Longin, F. and Solnik, B. (2001), “Extreme correlation of international equity 

markets”, The Journal of Finance LVI(2), 649-676. 

Marsh, T. and Wagner, N. (2004), “Return-Volume dependence and extremes in 

international equity markets”, Working Paper.  

Mount, T., Ning, Y. and Cai, X. (2006), “Predicting price spikes in electricity markets 

using a regime-switching model with time-varying parameters”, Energy Economics 

28, 62-80.  

Mu, X. (2007), “Weather, storage, and natural gas price dynamics: Fundamentals and 

volatility”, Energy Economics 29, 46-63. 

Panagiotidis, T. and Rutledge, E. (2007), “Oil and gas market in the UK: Evidence 

from a cointegrating approach”, Energy Economics 29, 329-347 

Poon, S., Rocklinger, M. and Tawn, J. (2003), “Modelling extreme-value dependence 

in international stock markets”, Statistica Sinica 13, 929-953.  



 70

Poon, S., Rockinger, M. and Tawn, J. (2004), “Extreme value dependence in financial 

markets: Diagnostics, models, and financial implications”, The Review of Financial 

Studies 17(2), 581-610. 

Rambharat, B., Brockwell, A. and Seppi, D. (2004), “A threshold autoregressive 

model for wholesale electricity prices”, Appl. Statist. 54(2), 287-299.  

Siclari, M., Castellacci, G., Ross, S. and Liao, W. (2003), “Beyond the spark spread 

option – fuel switching”, Energy Risk International. 

Tawn, J. (1988), “Bivariate extrme value theory: Models and estimation”, Biometrika 

75(3), 397-415. 

Vany, A. and Walls, W. (1999), “Cointegration analysis of spot electricity prices: 

insights on transmission efficiency in the western US”, Energy Economics 21, 435-

448.  

Weron, R., Bierbrauer, M. and Truck, S. (2004), “Modeling electricity prices: jump 

diffusion and regime switching”, Physica A 336, 39-48. 

Zarnikau, J. (2005), “A review of efforts to restructure Texas’ electricity market”, 

Energy Policy 33, 15-25. 

 



 71

Appendix A  PCA 

Given a k-dimensional random variable r=(r1,r2,r3,…, rk)’ with covariance matrix Σr, 

a principal component analysis is concerned with using a few linear combinations of 

ri to explain the structure of Σr. If r denotes the monthly log returns of k assets, then 

PCA can be used to study the source of variations of these k asset returns. A 

simulation model using PCA is more efficient than the other multi-factor approach, 

and is more realistic than single factor models. It reduces the dimensionality of the 

data while maintaining most of variance and possibilities for the joint change. 

 

Theory of PCA 

 

PCA applies to either the covariance matrix or the correlation matrix. Let 

ci=(ci1,….cik)’ be a k-dimensional vector, where i=1,..k. Then 
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 is a linear combination of the random vector r. If r consists of the 

simple returns of k stocks, the yi the return of a portfolio that assigns weight cij to the 

jth stock. Since multiplying a constant to ci does not affect the proportion of 

allocation assigned to the jth stock, we standardize the vector ci so that  
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Using properties of a linear combination of random variables, we have  

kiccyVar irii ,....,1,)( ' == ∑  

kjiccyyCov jriji ,....,1,,),( ' == ∑  

The idea of PCA is to find linear combinations ci such that yi and yj are uncorrelated 

for i≠j and the variance of yi are as large as possible. More specifically: 
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the first principal component of r is the linear combination rcy 1= that maximize 

Var(y1) subject to the constraint 11
'
1 =cc  

the second principal component of r is the linear combination rcy 2= that maximize 

Var(y2) subject to the constraint 122 =cc  and 0),( 12 =yyCov  

the second principal component of r is the linear combination rcy i= that maximize 

Var(yi) subject to the constraint 1' =iicc  and 0),( =ji yyCov  for j=1,….i-1 

Since the covariance matrix is non-negative definite, it has a spectral decomposition; 

Let (λ1,e1), ….., (λk,ek), be the eighenvalue-eigenvector pairs of Σr, where λ1≥ λ2≥ 

λ3….≥ λk≥0. We have the following statistical result. 

Result: The ith principal component of r is j
k

j ijii rerey ∑ =
==

1
'  for i=1,….,k. 

Moreover, 

ir iii eeyVar λ== ∑')( ,  i=1,….k 

,0),( ' == ∑r jiji eeyyCov  i≠j 

if some eigenvalues are equal, the choices of the corresponding eigenvectors ei and 

hence yi are not unique. In addition, we have 
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The above results says that  
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Consequently, the proportion of total variance in r explained by the ith principal 

component is simply the ratio between the ith eigenvalue and the sum of all 

eigenvalues. 
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PCA based simulation  

PCA reduced the covariance matrix into an importance –ordered subset of 

uncorrelated variables representing the most salient constructs underlying the 

covariance matrix, namely the principal components. The analysis explicitly reveals 

the importance of each principal component, which is an expression of the 

contribution of that source of risk to the volatility. Also associated with each principal 

component is a set of factor loadings which define how the price of each forward 

contract will change in response to a shock to the component. 

The PCA based multi-factor is relatively straightforward. 

Determine the number of relevant factors. In most cases, the first three components 

account for over 90% of the variance. 

Draw an uncorrelated random variable from a standard normal distribution for each 

component retained in step 1. 

Scale each random variable by its associated factor score and by the square root of the 

time step. 

Load the scaled values from step 3 onto each forward price using the ‘factor loadings’. 

The return of each forward price is the sum of product of each scaled value from step 

3 multiplied by the ‘factor loading’.  

If we were trying to explain the daily temperature fluctuations and weekly storage 

fluctuations, we need a 365X365 matrix and a 52x52 matrix. A principal component 

analysis can usually find several factors to explain above 95% of variance. The factors 

and their associated factor loadings, which describe how shocks propagated to the 52 

weekly storages or 365 daily temperatures, are then used to simulate storage or 

temperature as a random variable. 
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Appendix B  Delta Method 

In statistics, delta method is a way to derive an approximate probability distribution 

for a function of an asymptotically normal statistical estimator from knowledge of the 

limiting variance of that estimator.  

Roughly speaking, for some sequence of random variables Xn satisfying 

),0(][ 2σθ NXn n →− , 

where θ and σ2 are finite valued constants. It is the case that  

))]('[,0()]()([ 22 θσθ gNgXgn n →−  

for any function g satisfying the property that g’(θ) exists and is non-zero valued.  

 




