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ABSTRACT 

Using an  extension of Nambu's formalism to  handle singlet 
superconductivity, triplet superconductivity, charge density waves, 
and spin density waves in quasi-one-dimensional systems, we 
develop a method for studying effects of both magnetic and non- 
magnetic impurities upon these ordered phases. We show that the 
Anderson-Maki theorem on the insensitivity of the singlet super- 
conducting transition temperature to  non-magnetic impurities 
while showing a marked depression of T, for magnetic impurities 
can be generalized to other types of ordered states. We show that 
the contribution from various scattering terms can be grouped into 
two classes. One class leaves the mean field transition temperature 
virtually unchanged while the other causes a marked depression. 
We discuss the implications of these results on quasi-one- 
dimensional organic metals. 

PREFACE 

The intensive research on quasi-one-dimensional conductors, which 
started in 1973 with the discovery of the compound TTF-TCNQ, has result- 
ed in many theoretical and experimental advances during the past few years, 
and today the subject has grown into a broad, rich, and respectable field. 
This development was preceded by a Iong-standing interest in the problem 
of ordering in one-dimensional metallic chains, which was motivated by the 
suggestion of the possibility of superconductivity in such a system, made by 
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one of us' ten years earlier. The development of this idea was followed by 
Felix Bloch with keen interest and we both have pleasant recollections of 
numerous discussions with him on this subject in the middle and late sixties. 
At that time Felix Bloch was himself working on the Tomonaga model of a 
one-dimensional Fermi system in an attempt to gain a more basic under- 
standing of superconductivity. In this model one succeeds in treating the 
full effect of interactions as long as their range is large compared to the 
Fermi wavelength and their strength small compared to the Fermi energy, 
while in the BCS theory of superconductivity only the interactions responsi- 
ble for the pairing correlations are retained. It is interesting to note the full 
title of Tomonaga's paper:z "Remarks on Bloch's Method of Sound Waves 
Applied to Many-Fermion Problems." Tomonaga refers here to Bloch's 
paper3 many years earlier, "Incoherent X-ray Scattering and Density Fluc- 
tuations in an Excited Fermi-Gas," published in Helvetica Physica Acta in 
1934. Indeed, this paper contains and discusses the basic feature of the 
Tomonaga model, namely, the bosonisation of the Hamiltonian of a one- 
dimensional Fermi system. All the extensive theoretical work of the last few 
years on phase transitions in one-dimensional metals is based on this idea. 

I .  INTRODUCTION 

A one-dimensional Fermi system is characterized by a Fermi "surface" 
consisting of two points at f kF. This results in a striking difference be- 
tween the three- and one-dimensional Fermi systems. While in the first case 
there exist low-energy electron-hole excitations with momenta between 0 
and 2kF, in the second case one finds such excitations only in the neighbor- 
hood of q = 0 and q = 2kF. This means that the important electron- 
electron interaction processes are those which involve momentum transfers 
in the neighborhood of these two values. There are four relevant interaction 
processes, which are represented in figure 1. The q = 0 processes may in- 
volve either electrons on one side of the Fermi "surface" (g,) or on both 
sides (g,). In both cases the electrons do not change their direction of 
motion as a result of the interaction between them. For this reason, these 
processes are referred to as forward scatteringprocesses. When electrons on 
the two sides of the Fermi "surface" exchange momentum q = 2kF, they 
change their direction of motion. This is therefore a backscartering process 
(g,). In the case of one electron per atom (half filled band), there is also an 
Umklapp process in which two electrons on the same side of the Fermi "sur- 
face" scatter together to the other side (g,). The study of instabilities in a 
model in which the interaction is reduced to these coupling constants is gen- 
erally referred to  as one-dimensional "g"-ology. 

We shall base our discussion on a system described by the electron gas 
Hamiltonian. By this we assume that the important part of the electron- 
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FIG. 1. DIAGRAMMATIC REPRESENTATION OF THE FOUR INTERACTION PROCESXS IN A ONE- 

DIMENS~ONAL FERMI SYSTECI. The forward scattering processes are denoted by g2 and gd, the 
backscattering by gl andga The latter exists only for a half-filled band. 

phonon interaction is included effectively in the electron-electron inter- 
action. If retardation effects are important, one has to add the electron- 
phonon interaction explicitly. In one dimension it is convenient to define 
two elecrron fields $,,(k) = qS(kF + k) and GZs(k) =GS(- kF + k) for elec- 
trons moving in one direction (around + kF) and in the opposite direction 
(around - k,), respectively, each with spin projections. 

In writing the Hamiltonian we shall break up the interaction into the 
various processes described above, and neglect the g3 and g4 terms. The 
reason is that g3 corresponds to a specific case that we omit from our discus- 
sion and g4 serves merely to renormalize the Fermi velocity and has no  
qualitative effect on the problem of ordering. 

Thus, the Hamiltonian describing the one-dimensional system with a 
linear dispersion relationship is: 

H - NCL = C x EL $:s ( 4  $1, (k) - $is (k) $2, (k) 

with E~ = kuR 

and HIT,, = 54 (g, + g2)  , where 
s,s ' k,k ' ,P ,P ' 

and 
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The point of breaking up the interaction terms in this way lies in the 
fact that the major contributions to the behavior of the system come from 
small values of k, k ', p, and p ', and the matrix elements in those neighbor- 
hoods may be approximated by the constant terms g,,  g2,  as indicated. 

Although a one-dimensional electron system cannot undergo a phase 
transition at any finite temperature, it may exhibit long range order at T=O. 
An understanding of the conditions for the onset of a particular type of 
order at T= 0 and the growth of the corresponding condensate is important 
for the discussion of the behavior in real filamentary materials. 

The main purpose of the present paper is to discuss the effect of im- 
purities on the growth of order in a one-dimensional metal. We shall do that 
by examining the effect of impurities on the mean-field transition tempera- 
ture for various types of order in a one-dimensional system. Although the 
mean-field transition temperature in a strictly one-dimensional system has 
nothing to do with a phase transition, it does indicate that at this tempera- 
ture the system begins to develop large fluctuations corresponding to a par- 
ticular type of order, which increase as T-0. In a system of coupled one- 
dimensional chains, the real phase transition temperature is determined by 
the mean-field T, and by the nature and magnitude of the interchain 
coupling. 

The onset of order in a system is indicated by nonvanishing 
"anomalous" averages. In addition to electron-electron "anomalous" 
averages corresponding to singlet superconductivity (SS) and triplet super- 
conductivity (TS), in a one-dimensional system one also obtains eIectron- 
hole "anomalous" averages, corresponding to charge-density waves 
(CDW) or spin-density waves (SDW). The order (gap) parameters associ- 
ated with these four types of order are4 

A:mv = 55 g2 C <*: , ( k )  *2 ,  ( k )  - 
k 
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In the mean-field treatment of the Hamiltonian' each of these gap 
parameters is different from zero below a certain critical temperature T, 
determined by a BCS-type equation. We  shall investigate the effect of 
impurities on this T,. 

The outline of the paper is as follows: In section I1 we present a general 
introductory discussion of the effects of impurities. In section 111 we de- 
scribe an extension of the matrix formalism of N a m b ~ , ~  which is used in 
section IV to  show that the various scattering mechanisms can be classified 
into two classes, one which leaves T, virtually unaffected and one which 
severely depresses T,.  In  section V we present the results of our calculation 
of the effect of each of the different scattering mechanisms on the various 
ordered phases. We discuss our results in relation to earlier work. In section 
VI we point out some of the consequences of our work in relation to on- 
going work on quasi-one-dimensional systems. 

11. IMPURITIES 

It is well known that any disorder caused by the presence of impurities 
or defects, which are unavoidable in a real material, results in a one- 
dimensional system in the localization of all the electron  state^.^ The most 
important consequence of this localization is that the static conductivity of 
such a system vanishes for any localization length.' However, in real sys- 
tems there are several delocalizing effects that allow a non-zero dc  conduc- 
tivity, which may even be of metallic nature. One such mechanism is a finite 
interchain hopping probability. The delocalizing effect of interchain hop- 
ping was recently discussid extensively by Abrikosov and Ryzhkin.' An- 
other effect, which may cause coherent electron transport even in a single 
chain, is the interaction with phonons. This effect was studied by Gogolin 
et al.9 Their basic result is that high-frequency phonons with significant dis- 
persion (such that ur jm,  >> 1 and AT,,, >> 1,  where w is the phonon fre- 
quency, A is their dispersion, and r,,, is the characteristic time for collisions 
with impurities) have a delocalizing effect on the electrons. In a range rph < 
71mP (rph is the characteristic time for electron-phonon collisions), such 
phonons increase the localization length and yield a dc conductivity result- 
ing from phonon-assisted diffusion between localized states, whereas a t  
higher temperatures when rph << r,,,, localization is totally destroyed and 
one obtains the usual Drude picture. 

In what follows we shall assume that the Drude regime extends to 
temperatures below the mean-field T, for the possible types of order, so  that 
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the condensate may build up before the effect of impurities on  the normal 
state properties results in the destruction of the metallic behavior. We shall 
return to this point in the discussion. 

In addition to the effect on the normal properties, impurities in general 
can have a large effect upon the degree of order that tends to appear as T-0 
and upon the mean-field transition temperature T, of any such ordered 
phases. We shall show that this effect is selective, however, and depending 
upon the nature of the impurity can severely suppress one type of ordered 
phase while leaving another virtually unaffected, The result we present is 
essentially a generalization to all types of order in one-dimensional systems 
of the Anderson-Maki t h e ~ r e r n ' ~ . "  on the insensitivity of the superconduct- 
ing transition temperature to  the presence of non-magnetic impurities. We 
show that to each type of ordered state in one dimension, whether it be a 
charge density wave (CDW), spin density wave (SDW), rriplet superconduc- 
tivity (TS), or singlet superconductivity (SS), there exists a type of scattering 
mechanism that has a negligible effect upon the mean-field temperature of 
this state. Scattering processes that are not of this type have a severe effect 
upon T,. The physical reason for this is as follows: In the pure state each of 
these ordered phases is characterized by the pairing of two electron states or 
an electron and a hole state, each of well defined momentum and spin. This 
pair defines the order parameter of the particular phase. Upon the introduc- 
tion of the impurity these momentum and spin states will become mixed. 
Certain types of mixing leave the gap equation, which determines the order 
parameter of certain of these phases, essentially unchanged. In the case of 
singlet superconductivity this is illustrated by the minor effect upon T, of 
non-magnetic impurities. These non-magnetic impurities mix states of 
different momenta but leave the gap equation for singlet superconductivity 
virtually unchanged. This follows because the gap equation results from the 
pairing of time reversed states and the time reversed nature of the paired 
states is preserved even in the presence of non-magnetic impurities. 

The presence of impurities mixes the plane wave states by contributing 
terms to the Hamiltonian of the general form 

= us ls (q) eiqxt 

I 

where u(x-xi) is the potential of the impurity located a t  site x,. The s ', s 
subscripts indicate the effect of the impurity upon the spin. 
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In one dimension the behavior of the system is dominated by those 
matrix elements in the vicinity of q = 0 and q = 2kF; consequently it is 
convenient to describe the effects of the impurities in terms of four types of 
scattering processes. We have considered the following: 

(a) forward scattering with no  spin flip 
(b) forward scattering with spin flip 
(c) backward scattering with no spin flip 
(d) backward scattering with spin flip. 

In general, a given impurity will contribute both forward and back 
scattering terms, but, depending upon the nature of the impurity, the 
magnitude of  these terms will differ. No real impurity will give forward 
scattering alone or back scattering alone, but always some mixture of the 
two. Nevertheless it is convenient to separate the contributions of the scat- 
tering into these two components in treating the effect of impurities on the 
ordered states. 

111. "TRIPLE" NAMBU FORMALISM 

In order to take into account SDW, CDW, SS, and TS together with 
both magnetic and non-magnetic impurity scattering, it is convenient to use 
an extension of  Nambu's matrix repre~entat ion.~ We define an 8- 
component spinor field 

The Hamiltonian' may be written in a compact form in terms of 8 x 8 
matrices acting upon the above 8-component spinor in a similar way to that 
done by Horovitz4 with 4-component spinors used to describe the phase 
transitions alone. The inclusion of magnetic impurity scattering requires the 
extension to  the 8-component description in our case. Likewise, the 
L 6 anomalous" averages2 and the impurity scattering interactions may be ex- 
pressed by these matrices. The 8 x 8 matrix in this "triple" Nambu repre- 
sentation is generated by the direct product of three Pauli or unit matrices 
U,  . ~j . e k ,  where a describes spin changes, T scattering across or at the 
Fermi surface, and Q particle-hole changes. The order of the terms of the di- 
rect product matrix used here is defined as: 
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The presence of the anomalous averages contributes terms to the single 
particle Green's function, which by analogy to Nambu's method may be de- 
scribed in terms of an eight-by-eight matrix of the form 

w 

The self energy C ( p )  may be expanded in terms of the 64 matrices, of - w 
the general form r i jk  = ui . 5 , Gk to  give 

where the coefficients AVk are proportional to averages of bilinear expres- 
sions in the original fields. We shall not interpret all of these here, but will 
concentrate on the anomalous averages that correspond to the various order 
parameters. 

The matrices associated with these various coefficients are found to be 
the following: 
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For the CDW and SDW we have constructed odd and even combina- 
tions (u, g) of the order parameters defined in (2)  with their respective her- 
mitian conjugates. The u and g states in general are affected differently by 
impurities. For the superconducting order parameters, the odd and even 

have the same behavior, and hence such a distinction is un- 
necessary. 

Finally, we express in the matrix representation the contribution to the 
Hamiltonian from the four types of impurity interaction enumerated in the 
preceding section. 

(a) C C C $!s(k+ 4 )  Vt ( 9 )  $is(k) 
i = 1 , 2  s k,q 

= '/z V l ( 0 )  C % f t ( k + q ) ( l . l L e 3 ) *  ( k )  
k,q> 0 

R'e treat now the effects of these scattering terms on the ordered states 
using perturbation theory. 

IV. EFFECTS UPON T, 

In this section we follow closely the method of treatment of impurity 
scattering on an ordered phase described by Maki." In general the tempera- 
ture Green's function for the electrons in the presence of the impurities has 
the form 
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* 
~ - ' ( p ,  w,) = iG,(l.l.l) - Tp(l.r3.1) - aVrv (10) 

where r, is the matrix corresponding to the order parameter Av existing in 
the system. Here G,, Fn, and 9, are the renormalized frequencies, energies, 
and order parameters, respectively, determined by the equation. 

( 1  1 )  

(12) 

and wn = 2aT(n t %) . 

The self energy, C(p,w,), has contributions from terms of various 
powers in the scattering term V(q). The linear term causes a shift of the 
individual energy levels. We transform to a new representation and new 
Fermi energy such that the energy, FP, in the presence of these impurities is 
given by Fp(l .r3.1). This will result in a change of the density of states whose 
specific form depends upon the particular distribution of impurities. The 
next term is the quadratic term, which we retain. To this approximation the 
self energy C@,wn) is given by 

where V ( p - p ' )  = Vi(p-p ' )  M where Vi is one of the terms (a), (b), (c), 
or (d) in (9) and M is the corresponding matrix in each of these equations. 
We use the standard convention describing the self energy by C(p,w,) and 
trust that the context of the equations will distinguish it from the summa- 
tion symbol x. We note that in all cases M~ = 1. 

Using (lo), we rationalize G(p) in (13) assuming Av is a constant and 
obtain 

where we utilize the fact that (1 .r3. 1) anti-commutes with every rv defined 
in Eq. (8). Assuming Vi(p -p ') is slowly varying in the vicinity of p ' = kF, 
we can integrate over p ', and using (14) in (13) we obtain 
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where the + ( - )  sign depends upon whether M anti-commutes (commutes) 
with I',, and ri is the scattering time given by 

Substituting (15) in (1 1) we get 

FP = ep + (corrections due t o  terms linear in V). 

The gap equation at  finite temperatures is 

where g, the net interaction, is the particular combination of g,, g 2 ,  etc., 
responsible for the particular type of order A,  and E ,  is the energy cut-off in 
this interaction. One may verify that the integral over the energy may be 
extended t o  infinity if at  the same time the sum over w, is cut off at  a value 

Ec of n,  = - 
2wT . Carrying out the energy integral then we get 

Following Maki we set i;,/z = u, and (21) becomes 
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Near Tc the gap is small and u, is large. An expansion can be made for 
u, in powers of A. Using (17) and ( 1 8 )  we can express w,/A in terms of 
i;,/i. We find that if Manti-commutes with I', (+  sign in ( 1 8 ) )  then 

and if Mcommutes with rv 

If M for a particular type of scattering from an impurity anti- 
commutes with rv, then (22), because of (23), gives the same critical 
temperature and gap equation except for the effects due to  changes in the 
density of states of 7, relative to that of E,. On the other hand, if M com- 
mutes with Fv, then (24) in general gives a reduced T,. This latter point can 
be seen from the following: We note that u,  will be large near T, and hence 
(1 + u:)-'~ can be expanded in powers of l/u,. Using (24) and solving for 
u,  we find: 

where cr = 1 1 ~ ~ .  
At Tc we have 

with w, = 2aT(n + !h) 

1 Ec and n ,  = - 
2a7iTc 2a T, 
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In the absence of impurities ec  = 0 and 

f c  
where nA = - . 2~ Tco 

In terms of the digamma function $(z)" 

(26) and (27) give us approximately 

log @ ~ / n , )  = - $('/i + e.1 . (29) 

Hence 

log ( T T ~ ~ )  - $(% + e.1 (30) 

Tc = T,, exp - $(% + eC)  - $(%I (31) 

For small values of eC equation (3 1 )  gives a linear depression of Tc with 
1 /7i 

From this we note that the relative depression of Tc with impurity concen- 
tration 

is inversely proportional to  Tco so that phases with high transition tempera- 
tures are less affected by impurity scattering than those of low transition 
temperature. 

Noting that eC itself depends upon Tc, one finds that the transition 
temperature is suppressed to 0 K for values of a = 77' such that a 2 

n- Tco 
2~ 

where y = eC = 1.78; C = 0.5772, Euler's Constant. 
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V.  EFFECTS OF IMPURITY SCATTERING ON THE ORDERED PHASES 

From the foregoing we see that the mean-field transition temperature 
of a given phase will be depressed according to Eq. (31) by the presence of 
impurities if the matrix that describes the type of scattering mechanism (Eq. 
(9)) commutes with the matrix for the ordered phase (Eq. (8)). On the other 
hand, if these matrices anti-commute, then T, remains virtually unchanged. 
In table I we list the commutation properties of these pairs of matrices. The 
set describing forward scattering without spin flip warrants further com- 
ment. ZavadovskiI3 had shown that by treating forward scattering by 
impurities in the quasi-classical approximation, neither singlet super- 
conductivity nor the charge-density-wave is affected by such impurities. 
This appears to be at variance with the results of table I. The explanation of 
this difference is as follows: If we include in our initial Hamiltonian the 
forward scattering terms, then we can obtain the one-electron states and 
energies in the presence of these terms by using the WKB approximation.14 
The plane wave states become phase modulated, 

For the states in the immediate vicinity of the Fermi surface the phase 
factors will be all the same. We may now use these phase modulated states 
instead of the plane wave states as the basis of our representation (4). 
Taking the anomalous averages into account, one can calculate the mean- 
field transition temperature for condensation into the various paired states. 
The resultant gap equation and values for T, will be essentialIy the same as 
for the plane wave states. This is the essence of the Zavadovski result. On 
the other hand, in this paper we have considered a specific form of pairing 
described by (4) formed from plane wave states k and - k.  The transition 
temperature for condensation into such plane wave states is indeed sup- 
pressed and the plane wave condensate is replaced by that of the phase- 
modulated states. Thus the two different results are in fact in agreement 
with one another. 

The results of our analysis of the effects of forward scattering with no 
spin flip we place in braces in table I to indicate that the Tc of the original 
plane wave ordered states will indeed be depressed for those cases where the 
scattering terms commute. Condensation will not occur into these, 
however, since the transition temperature of the phase modulated ordered 
states will be higher, and Tc for these will be essentially the same as in the 
absence of the impurities. Thus the effects of forward scattering can be 
transformed away. 
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The argument above shows up a weakness in the approach we have 
taken, for we are forced to make an assumption through our initial choice 
of representation (4) as to the nature of the condensed states and then to 
consider the effects of scattering upon these. A more powerful approach to 
the problem would be to determine the oneelectron states in the presence of 
the impurities first, and then to consider possible superconducting or spin 
and charge density wave condensates formed from these states. This, as we 
have shown, can be done to a good approximation for forward scattering 
but is much more difficult to do for other types of scattering. 

IV. DISCUSSION 

Our formalism provides a compact way to see the effects of impurities 
upon the various order parameters. For singlet superconductivity we see 
that impurities which cause both forward and backward scattering, but 
without spin flip, leave T, for this phase essentially unchanged. Spin flip 
scattering severely suppresses T,, however, as one would expect from the 
known behavior in three-dimensional metals. These results stress the impor- 
tance of eliminating paramagnetic impurities, dangling bonds, and un- 
paired spins, which might interact with the conduction electrons in such 
materials as (CH Io, ,z)x,  HMTSF - TCNQ, or other quasi-one- 
dimensional organic materials that are metallic at low temperature but that 
might become superconducting instead through the elimination of such 
scattering terms. 

We note that chemical impurities that cause back scattering have a 
disastrous effect upon triplet state superconductivity. Thus polymer cross 
linking or other discontinuities or impurities would strongly suppress super- 
conductivity of this type. Because of this, in those regions of the g-ology 
diagrami5 where TS and SS can co-exist, the presence of such scattering 
would cause the SS region to encroach upon the TS region. Scattering with 
spin flip affects the different TS components differently, but as any 
magnetic scattering center is likely to cause both forward and backward 
scattering with both spin flip and non-spin flip contributions, the net effect 
of such impurities would be to suppress all the TS components. 

The various odd and even components of the CDW and SDW are 
affected by impurities in what appears to be a rather complicated manner. 
The underlying physics, however, is relatively simple. To first order the 
scattering terms in the Hamiltonian introduce into the plane-wave states a 
small admixture of other such states. When one constructs the bilinear 
products of these to form the condensates, the admixtures can cancel or add 
depending on whether the particular condensate combination is odd or even 
(u or g). If the admixture to the condensate is of a different symmetry to 
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that of the condensate itself and the contributions do not cancel, then T, is 
depressed. Otherwise T, remains virtually unaffected. 

We wish to remind the reader that we have considered here only the 
effect of impurities on the growth of order in a single chain. Phase tran- 
sitions in filamentary systems occur when the phases of the order param- 
eters on different chains become correlated through interchain coupling, 
and long range order develops in the transverse direction. Impurities have 
an important effect on the build-up of order in the transverse direction,I6 
and this has to be taken into account in the discussion of phase transitions 
in real quasi-one-dimensional materials. 

Finally, we recall that the whole discussion is based on the assumption 
that the electrons are delocalized. We wish to point out that, at least in 
molecular crystals, this may occur already at rather low temperatures. It 
foIlows from the work of Gogolin et al.9 that in the presence of weak 
phonon scattering, namely when ?,lf < T ; , ,  the hopping conductivity is of 
the form B cc T ~ , , / T ~ R ,  where = 7;' + 7;'; T ,  and 7, are the relax- 
ation times corresponding to backward and forward phonon scattering 
respectively. Thus, forward scattering phonons are as effective as back- 
scattering phonons in causing delocalization. When r,hl > ?,,', one gets the 
usual Drude behavior with o a ( T &  + 7;')-'. In this region 7;' does not 
contribute to the resistivity. In the first region, when < T;,:,,, the conduc- 
tivity increases with Tuntil it reaches a maximum. If 7;' >> T;' ,  this maxi- 
mum is reached at much lower temperatures than one would estimate from 
the relaxation time derived from the conductivity in the metallic region. It 
was shown by Kaveh et al." that this is the case for scattering of electrons 
by molecular vibrations. This follows merely from the fact that a small 
Fourier component (forward scattering) of an extended potential is much 
larger than the 2 k ~  Fourier component (back scattering). This observation 
was used by the authors of ref. 17 to explain the metallic behavior of the 
organic metals like TTF-TCNQ. 
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